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bstract

systematic study of the microstructure of densely packed coagulated colloidal particle gels is important for understanding their macroscopic,
n particular, mechanical properties. It was previously shown that heterogeneous gels exhibit higher elastic properties and yield strengths than
heir homogeneous counterparts at the same solids loading. This was explained by the newly developed straight path method.1 However, this
acroscopic behaviour can be also explained by classical and conceptually simpler methods of spatial statistics, in particular, the pair-correlation
unction and the related K-function. Additionally, the structural differences of homogeneous and heterogeneous gels can be described by the contact
istributions, which characterize the pore space and are of relevance for certain transport properties. The understanding of the structural differences
s completed by presenting a benchmark model, which is in some sense ‘between’ the homogeneous and heterogeneous case.

2009 Elsevier Ltd. All rights reserved.
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. Introduction

It is well known that the microstructure of materials deter-
ines in a high degree their macroscopic properties,2,3 e.g., the
echanical properties in terms of elastic modulus and yield

trength. Therefore it is important to control the microstruc-
ure, for which a fundamental condition is characterization. For
he latter, successful methods have been developed in spatial
tatistics.2,4,5

There are two classes of these characterization methods.
he first, perhaps most natural, is based on analyses of the
bjects that form the structures. In the case considered here,
he ‘objects’ are hard spheres. If the spheres are identical, the
pproach in essence analyses the system of centres, i.e., spa-
ial point patterns, and uses point process methods.6 With some

odification the same is possible when the spheres can intersect
nd have variable diameters. Statistical summary characteristics

uch as pair-correlation function,2,4,6,7 Ripley’s K-function6 and
ond angle distribution,7 triangle distribution function,7 com-
on neighbour distribution,1 dihedral angle distribution1 and

∗ Corresponding author. Tel.: +49 3731 394079; fax: +49 3731 393638.
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traight path analysis1 are then appropriate tools. They all char-
cterize in various ways the relative positions of the spheres or
bjects.

The second approach is set-theoretic and considers the set-
heoretic union of the objects, which is then treated as a sample
f a random set. The methods of statistics for random sets4 lead
o statistical summary characteristics of a nature quite different
rom those of the object-oriented approach. They are able to
haracterize the system of the pores outside the objects. Since
n the case of spherical objects the pore space is totally con-
ected, any attempt to characterize pores as single objects with
ize and shape is difficult. Set-theoretic characteristics such as
he so-called contact distributions are then more natural, which
haracterize the pore space from the position of random test
oints. Further set-theoretic characteristics are the Minkowski
unctionals4 and the k-point probability functions.2

We mention that there is a third approach for the statistical
haracterization of structures as discussed in the present paper,
amely the tessellation approach.8,9 It is based on spatial tessel-
ations constructed for the systems of spheres, which are in the

ase of identical spheres the well-known Voronoi tessellations.

In the present paper only the simplest characteristics of the
rst two approaches are used, with the aim to show that already

hese lead to valuable and new structural statements for par-

mailto:Anett.Wagner@ifgt.tu-freiberg.de
dx.doi.org/10.1016/j.jeurceramsoc.2009.10.004
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icle gels as obtained in the colloidal processing of ceramic
aterials.10 The method called Direct Coagulation Casting11

DCC) allows one to destabilize the colloidal suspension in two
istinct ways, rather homogeneously throughout the sample. The
ouble layer repulsion between particles is diminished by either
hanging in situ the pH in the solvent (�pH-method) or by
ncreasing in situ the ionic strength (�I-method). It has been
hown by Brownian dynamics computer simulations7,12 that the
orresponding structure of the evolving particle network is rather
omogeneous (called ‘hom’ in the following) and heterogeneous
called ‘het’ in the following), respectively.

In the analysis of these structures, various classical charac-
erization methods were applied, namely the pair-correlation
unction,7 the bond angle distribution,7 and the Minkowski
unctions in conjunction with the parallel-body technique.13

dditionally, the triangle distribution function,7 the common
eighbour distribution,1 the dihedral angle distribution1 and
he straight path method1 were used. The latter method was
articularly designed in order to prove the existence of some
uasi-linear arrangement of load-bearing particle chains,1 which
s of relevance for the mechanical properties, e.g., elastic prop-
rties and yield strength. This method, however, depends on a
istance parameter, which must be chosen by the investigator.

The present paper aims at demonstrating the power of clas-
ical, conceptually simpler methods, for which commercial
oftware exists. These methods yield additional information
bout the microstructure of the simulated ceramic materials. It
ses again the pair-correlation function, but its interpretation is
upported by the so-called K-function in order to understand the
rrangement of the spheres in very short distances. Additionally,
he pore space is explored by means of the contact distributions.
or better understanding, the analysis of the structures ‘hom’
nd ‘het’ introduced above is discussed in relation to a third
imulated, benchmark, structure. The latter is called ‘fba’ (force-
iased algorithm, see below) and is discussed in more detail in
he following.

. Materials and methods

.1. The structures

The two structures ‘hom’ and ‘het’ are random systems of
dentical impenetrable spheres (diameter d) of volume frac-
ion 40%. Both structures are the result of Brownian dynamics
imulations7,12 of the colloidal particles, mimicking the coag-
lation of the suspension. To that end, two physical effects are
aken into account: on the one hand, DLVO-forces consisting of
an der Waals attraction and electrostatic double layer repulsion,
nd on the other hand, Brownian forces as a result of the thermal
icks of the solvent molecules. By changing the repulsive inter-
ction in a way representative of the �pH- or the �I-method in
CC, the different network structures ‘hom’ and ‘het’ emerged
s the coagulated structure. One may consider these structures
s random, if the term ‘random’ is understood in the way like
orquato uses it in his book2 for ‘random heterogeneous’ media
r structures.

l
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t
t
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For the purpose of comparison, a third structure is considered,
hich is generated according to different principles. The com-
arison structure ‘fba’ is also a structure with hard spheres of
volume fraction of 40%, but one generated with an algorithm
hich aims to simulate systems with neither attraction nor repul-

ion between the spheres. The algorithm, called force-biased
lgorithm6,14 is a so-called collective rearrangement algorithm.
t starts with a completely random configuration of identical
pheres in an epipedal container, where overlappings of the
pheres are permitted. During the algorithm the spheres are
hifted in order to reduce the overlaps and in parallel the radii
re reduced stepwise. When a structure of non-interpenetrating
pheres is obtained, it is rescaled in order to have the diameters
anted. Experience shows that after short computation time a

andom system of hard spheres of a prescribed volume fraction
V is obtained, if VV < 0.66. Note that also higher volume frac-

ions are possible, but it takes more computing time to simulate
uch packings; the generation of packings of VV = 0.4 is quite
asy.

The statistical analyses of the present paper are based on
amples of 8.000 spheres all of diameter d = 1.0, in a cubical
ontainer, with periodic boundary conditions.

.2. Structure characterization methods

.2.1. Visual inspection
The simplest step of structural analysis is visual inspection

f substructures. At this point, we wish to emphasize the fol-
owing. Very often in discussion of structure–property relations,
he structure is specified by providing a picture of a sample
ross-section as obtained by some experimental technique1 or
y a snapshot of a simulation.7 As the human brain is highly
ptimized in recognizing patterns, such efforts may be justi-
ed. However, one should always aspire to find quantitative
easures for discussing the structure. Therefore, we just briefly
ention the visual inspection here, before we will extent earlier

uantitative methods.
Schenker et al.1 consider in their Fig. 1 micrographs obtained

y cryo-SEM to gain a first optical impression of the structures.
he present paper uses thin slices of a thickness of two sphere
iameters. Fig. 1 shows vertical projections of such slices for
hom’, ‘het’ and ‘fba’.

.2.2. Contact distributions
The contact distributions characterize in some way the size

nd shape of the pore space outside the hard spheres, by consid-
ring it in the set-theoretic sense. The most important types are
he linear and spherical contact distributions.4

The linear contact distribution is defined as follows. Choose a
andom point in the pore space and go from this point in a given
prescribed) direction until the first contact with the surface of a
phere occurs. The prescribed direction may be that in the posi-
ive or the negative direction of the x-axis. This yields a random

ength, the probability density function of which is denoted by
�(r). It is important to know that the linear contact distribu-

ion is closely related to the chord length distribution.4 This is
he distribution of the lengths of line segments lying completely
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Fig. 1. Vertical projections of slices of thickness 2d for

utside the spheres occurring when an infinitely long line of
rbitrary orientation intersects the packing of spheres. In partic-
lar, the mean chord length mL (which is the mean of the chord
ength distribution) and the probability density function h�(r)
re related by4

�(0) = 1

mL
. (1)

or statistically homogeneous and isotropic systems of identical
on-overlapping (i.e., hard) spheres of diameter d and volume
raction VV, mL is given by4

L = 2(1 − VV)

3VV
d, (2)

rrespective of the specific arrangement.

The linear contact distribution characterizes the linear extent

f the pores. It plays an important role in the study of rela-
ionships between microstructure and macroscopic transport
roperties.2

T
t
p
g

ructures ‘hom’ (a), ‘het’ (b) and ‘fba’ (c), respectively.

Statistical experience15 and physical arguments16 show that
or many systems of hard spheres, especially for systems in
quilibrium, natural packed systems and systems simulated with
he force-biased algorithm, the probability density function of
he linear contact distribution can be well approximated by an
xponential function, i.e.

�(r) = 1

λ
exp

(
− r

λ

)
for r ≥ 0. (3)

ince the exponential distribution depends only on one param-
ter, λ gives the complete ‘linear’ information. If the linear
ontact distribution is really an exponential distribution, then
he parameter is given by

= 1

mL
. (4)
he definition of the spherical contact distribution is similar
o that of the linear contact distribution. Again, a random test
oint in the pore space is chosen, but now it is the centre of a
rowing sphere. Its radius in the case of first contact with one
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ig. 2. The pair-correlation function for a random dense sphere packing of vol-
me fraction VV = 0.70. The peaks correspond to frequently appearing distances
etween pairs of spheres.

f the hard spheres is the random variable of interest; in other
ords, the distance from the random point to the nearest spheres

urface point. The corresponding probability density function is
s(r). It is noted that hs(r) can be transformed in the Minkowski
unctional W1(r) in Ref. 14 and the corresponding distribution
unction is closely related to W0(r) there. It can be shown that
or any statistically homogeneous and isotropic arrangement of
on-overlapping particles

s(0) = SV

1 − VV
, (5)

here SV is the specific surface content.4 In the particular case
f identical hard spheres of diameter d one can use the relation

V = 6VV

d
. (6)

or many hard sphere systems, natural packings and such
btained by the force-biased algorithm, it turns out that the
pherical contact distribution can be well approximated by the
o-called half normal distribution15

s(r) = 2√
2πσ

exp

{
− r2

2σ2

}
for r ≥ 0. (7)

he corresponding mean is

s =
√

2

π
σ = 2

π

1

hs(0)
. (8)

.2.3. Pair-correlation function
The pair-correlation function g(r) is a well-known means for

he characterization of particle arrangements,2,4,6,7 describing
he frequency of distances between particle centres. For later
nterpretation, it may be useful to consider the pair-correlation
unction for a random dense sphere packing of volume fraction

V = 0.70 as shown in Fig. 2.

In Fig. 2, r is the distance between the sphere centres and
their diameter. As the volume fraction is rather high and

bove that of random close packing (VV = 0.64), the structure

t
t
t
l
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hows partly crystalline behaviour. This leads to the strong peaks
t r/d = 1,

√
2,

√
3 and 2, which correspond to characteristic

istances in hexagonally packed sphere arrangements.

.2.4. Ripley’s K-function
Ripley’s K-function6 or the integrated pair-correlation func-

ion, K(r), is related to the pair-correlation function by

(r) = 4π

∫ r

0
s2g(s) ds.

ts statistical interpretation is as follows. If ρ0 denotes the mean
umber of particles per unit volume, then ρ0K(r) is the average
umber of particle centres within range r of another particle
entre. In the context of the present paper, the K-function is
elpful in the finer analysis of the poles of the pair-correlation
unction.

. Results and discussion

.1. Qualitative visual inspection

The three projected slices in Fig. 1 show qualitatively clear
tructural differences between ‘hom’ and ‘het’, and show that
fba’ is indeed ‘between’ both in a structural sense. The struc-
ure ‘hom’ has longish pores and the arrangement of the spheres
s not so dense, often there are small gaps in between. In con-
rast ‘het’ has larger, rounder pores and the spheres form dense
lusters, i.e., the structure is more heterogeneous. Probably, the
ost relevant difference between the two structures with influ-

nce on the macroscopic mechanical properties is the structure
f the clusters of spheres; the different pore structure seems to
e a logical consequence.

.2. Contact distributions

The qualitative impression with respect to the pore structure
esulting from visual inspection is quantitatively confirmed in
igs. 3 and 4. Both contact distributions indicate larger pores for
het’, both in the linear and spherical sense. The structure ‘fba’
s well between the originally given structures.

As shown in Fig. 3, the histogram of the sample for the ‘fba’
ample of the linear contact distribution follows well the the-
retical exponential distribution where the parameter λ = 1/mL
s determined with mL according to (2) and (4). In contrast, the
istogram for ‘hom’ shows that there are more short distances
etween the test points and the sphere surfaces, while ‘het’ has
ore longer distances. The means �̄ behave in the same way.
he mean for ‘fba’ is close to the value 1 as expected by (2) and

4).
The spherical contact distribution functions behave similarly.

he histograms are shown in Fig. 4 together with the approxi-
ation by the half normal distribution given by formula (7). The

heoretical value for hs(0) is 4, according to (5) and (6). Again,

he histogram for ‘fba’ is well fitted by the half normal distribu-
ion, while in ‘hom’ there are more short distances between the
est points and the sphere surfaces, and in ‘het’ there are more
ong distances.
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Fig. 3. The histograms of the linear contact distribution for ‘hom’, ‘fba’ and ‘het’ as well as the approximation by the exponential distribution (formula (3) with
λ = 1/mL and mL by formula (2)), respectively.

Fig. 4. The histograms of the spherical contact distribution for the three structures ‘hom’, ‘fba’ and ‘het’ as well as the approximation by the half normal distribution
(formula (7) with σ obtained by (5)–(7)), respectively.
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Table 1
The means �̄ and s̄ of the linear and spherical contact distributions for the three
structures.

Structure �̄ s̄

‘hom’ 0.971 0.145
‘
‘
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fba’ 1.023 0.152
het’ 1.074 0.180

This results in analogous differences of the means s̄ as shown
n Table 1. The mean for ‘fba’ is close to the value 1/(2�) ≈ 0.159
s expected from (5) and (8).

.3. Pair-correlation function

The pair-correlation functions of the three structures shown
n Fig. 5 differ clearly; again ‘fba’ takes an intermediate position.
ll pair-correlation functions have a pole at r/d = 1.0 resulting

rom spheres in contact or in very short distance. However, it is
ifficult to use the curves in Fig. 5 to get information about the
strength’ of the peaks, on the number of pairs of spheres which
ontribute.

The structure ‘het’ has a further peak at r/d ∼= 1.08, which
s quite unusual for hard sphere systems but can be explained
hysically.13 It seems to correspond to pairs of spheres close
ogether but with a little gap between due to a secondary mini-

um in the interaction potential. The next peak of ‘het’ appears
t r/d = 2.0. It corresponds to straight chains of three spheres.
ince the peak for ‘het’ is larger than for ‘hom’, one can con-
lude that such chains appear in ‘het’ more frequently than in
fba’.

The pair-correlation function for ‘hom’ is quite different:
here is only a small extra peak at r/d ∼= 1.08, but two weak
ocal maxima at r/d ∼=

√
2 (this is in a simple cubic unit cell,

he length of a face diagonal) and
√

3 (this is in a simple cubic

nit cell, the length of a body diagonal) and the peak at r/d = 2.0
s less pronounced as compared to ‘het’ and ‘fba’. By the way,
either ‘hom’ nor ‘het’ has a maximum at r/d = 3.0, indicating
hat there are no linear chains of four particles.

ig. 5. The pair-correlation functions of the three structures. Note that the peaks
t r/d = 1.0 coincide for ‘hom’ and ‘fba’.
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Fig. 6. The K-functions for ‘hom’, ‘het’ and ‘fba’.

.4. K-function

The K-functions for the three structures are shown in Fig. 6.
The curves explain the nature of the behaviour of g(r) at

/d = 1.0: The number of spheres in direct contact (or very close
ogether) is nearly equal for ‘hom’ and ‘het’, while it is zero for
fba’. Thus the strength of the poles at r = 0 is equal for ‘hom’
nd ‘het’.

Second, they show that in ‘het’ there are more pairs of
pheres close together than in ‘hom’. This cannot be explained
y the peak at r/d ∼= 1.08 alone, only the knowledge of K(r)
or r between 1 and 1.08 yields this information. The values of
(1.1)–K(1.0) in Table 2 show very clearly that indeed the 1.08
airs appear additionally.

Third, there are also clear differences in the numbers of sphere
entres of a distance between 1.9 ≤ r/d ≤ 2.1. As the peak of
he pair-correlation function at r/d ∼= 2.0 indicates, it should be
reatest for ‘het’. This is shown clearer and confirmed by the

alues of K(2.1)–K(1.9) in Table 2.

able 2
(1.1)–K(1.0) (In the case of ‘hom’ and ‘het’ the value K(1.1)–K(0.99), i.e.,

he minimum of the pair-correlation function.) and K(2.1)–K(1.9) for the three
tructures.

tructure K(1.1)–K(1.0) K(2.1)–K(1.9)

hom’ 1.340 3.931
fba’ 2.288 4.211
het’ 1.817 4.436
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. Conclusions

This paper presents various tools for the quantification of
tructural differences of dense particle gels. The analysis is
mproved by introducing a null model or benchmark structure
enerated by a force-biased algorithm (‘fba’). The charac-
eristics include the contact distributions, the pair-correlation
unction, and the K-function. All these characteristics avoid to
se any additional parameter such as the threshold angle θc
hich must be subjectively chosen.
By means of these three methods (contact distributions, pair-

orrelation function, and K-function) clear structural differences
etween ‘het’ and ‘hom’ have been observed. The addition-
lly used intermediate structure ‘fba’ shows in a fine way the
xtremal structural properties of ‘het’ and ‘hom’. The contact
istribution functions show that ‘het’ has larger pores, which
eans that the spheres in this structure form denser clusters. This
ay be a first way to explain the higher mechanical strength of

his structure.
The pair-correlation function gives valuable information on

he topology of the systems of hard spheres. It is able to show
ome tendency of forming chains of particles in the different
tructures, by the peaks at r/d = 1.0, 1.08 and 2.0. Ripley’s K-
unction helps to understand the true geometrical structure of
he sphere systems.

It is interesting to compare the results of the pair-correlation
unction analysis with those of the straight path analysis.1

he pair-correlation function yields information on absolutely
traight chains of spheres and finds only chains of two or three
embers; their number is larger in ‘het’ than in ‘hom’. Addi-

ionally it shows that the peak at r/d ∼= 1.08 is significant for the
tructure ‘het’, i.e., this structure has more pairs of spheres lying
lose together than ‘hom’. These topological properties may well
e responsible for the higher strength of ‘het’. The straight path
ethod1 instead considers chains with small angles between the

ectors connecting the sphere centres; these chains can be longer
han three. This was the main argument in Schenker et al. for
xplanation of the higher strength of ‘het’. In view of charac-
erizing the differences between various structures with respect

o the mechanical properties, our method is distinct from the
ne proposed by Schenker et al. in two respects. First, we do
ot make use of an artificial (cut-off) parameter. And, second,
ur method makes use of a standard structural quantifier, g(r)

1

eramic Society 30 (2010) 1237–1243 1243

and the directly related Ripley K-function), known to the scien-
ific community for a long time. Although it is usually argued that
he pair-correlation information is not sufficient to describe the
el structure, it must be pointed out that the behaviour of K(r)
or small r leads to important conclusions about the absolute
umber of force-transmitting direct contacts between particles.
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