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Abstract

A procedure is presented that allows the simple estimation of bridging stresses from crack growth resistance curve (R-curve) data. The first-order
approximation results by taking the derivative of the R-curve. For an increased degree of accuracy a second-order solution is suggested. This step
includes straight-forward integration of the first-order results. The procedure is outlined in detail and applied to fatigue threshold R-curve results
for a MgO + Y,05-doped silicon nitride (MgY-SN) and an 99.5% pure alumina obtained with compact tension specimens, and fracture toughness
R-curve results for a MgO + La,O3-doped silicon nitride (MgLa-SN) obtained with notched bending bars. The approximate bridging stresses are
compared with the “full solutions” computed with much more effort by solving a system of integral equations.

© 2009 Elsevier Ltd. All rights reserved.
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1. Introduction

The increasing crack resistance of ceramic materials is of
high interest for technical applications. Crack growth resistance
curve (R-curve) behaviour is commonly described by a relation
Kg =f(Aa)in which Ky is the stress intensity factor necessary for
crack propagation by an amount of Aa (Fig. 1). This would be
an appropriate description for the case if the R-curves were pure
material properties. However, it has been shown by experimental
and theoretical investigations that the R-curve is not a unique
material property. R-curves for naturally small cracks are often
different from those for macroscopic cracks. A survey of data is
given by Munz! that show the trend of lower R-curves for small
natural cracks.

So far it is the common opinion that in the special case of R-
curves caused by grain bridging effects, the relation between the
bridging stresses and crack opening displacement, o, =f(3), is
the intrinsic material property which is expected to be unaffected
by test conditions such as the geometry of the test specimen or
the type of loading (tension, bending, etc.). This assumption is
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true for case of disappearing or negligible T-stresses as outlined
in Ref. 2.

Direct measurements of the loads transferred by the bridges
were performed by Pezzotti et al.>* and Kruzic et al.> apply-
ing Raman spectroscopy. Another popular method to determine
the bridging stress relation is the evaluation of crack opening
displacement (COD) measurements, as used in Ref. 6. Finally,
Fett et al. have developed a method for determining the bridging
stress relation directly from the R-curve’; however, the exact
approach requires the solution of a system of simultaneous inte-
gral equations in Ref. 7 that needs much numerical effort. This
motivates developing approximate relations from which at least
the near-tip bridging behaviour can be determined. Thus, in this
paper a straight-forward method for the determination of bridg-
ing stresses from R-curves is proposed and compared to results
given by the exact method of Ref. 7.

2. Determination of bridging stresses from R-curves
2.1. Basic relations
A procedure that allows the bridging stresses to be determined

from existing R-curve results was developed in Ref. 7. From the
measured R-curves the bridging stress intensity factor, Kp,, can
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Fig. 1. (a) A crack in a ceramic material exhibiting crack surface interactions by bridging stresses, (b) schematic of an increasing crack growth resistance curve starting
from the crack-tip toughness Ky with a rather linear increase and exhibiting a saturation value Kg max, and (c) bridging stress versus crack opening displacement §

with representation by a histogram of M stress values.

be determined since:

Kr=Kj0— Kpr, Kp <0, (D

(Kjo = crack-tip toughness). The necessary procedures are exten-
sively outlined in the literature. For our purposes we mostly used
the technique described in Ref. 7.

Using the weight function representation, the bridging stress
intensity factor can be represented by the distribution of bridging
stresses, oy, acting in the wake of the crack as given by:

ap+Aa
Kpr(Aa) = /
a

0

h(r, a)op,(8(r, a))dr, @
where h is fracture mechanics weight function, r is the dis-
tance from the tip, ay is the initial crack length free of bridging,
and Aa=a — ay is the crack extension (Fig. 1a). The bridging
stresses depend on the actual crack opening displacements, 8.

The total displacements in the presence of bridging stresses
result from:

3= (Sappl + Sbr,
1
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[ e [t o eu
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with the plane strain modulus £’ = E/(1 — v?) and the “applied
displacements” (the displacements under the same load in the
absence of the bridging stresses):

1

a
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The applied stress intensity factor, Ky, is given in fracture
mechanics handbooks for various test specimens.

The system of Eqs. (2) and (3) can be solved by “‘succes-
sive approximation”, starting with an (in principle) arbitrary first
approximation of the bridging relation, o,(3), for instance given
by a histogram of M bridging stresses 05,(81), . .., op-(Syr) as
illustrated in Fig. 1c. As the starting value for the displacements,
the applied crack opening displacement field § =3,y may be
used, resulting in the first distribution of the bridging stresses
obr =f(8appi(r, a)). These stresses must then be introduced under
the integral of (3), yielding an improved distribution of the total
displacements, §, and an improved bridging stress distribution.

After a few iteration steps the solution of (3) will converge as
long as the first approximation for the bridging law has not been
chosen to be too unrealistic. This procedure must be repeated
for a number of N > M crack lengths ay, . . ., ay. For these crack
lengths the bridging stress intensity factors Kp,(ay), . . ., Kpr(an)
must be computed from (2) and the related Kg-values from (1).

This iterative solution may establish the inner loop of a com-
puter program. In the outer loop the bridging law, o,(3), has
to be changed systematically (by application of an optimization
procedure, e.g., Ref. 8) until the computed and the measured
Kg are identical at all chosen crack lengths if N=M or in a
least-squares sense if N> M.

It has to be emphasized that the procedures for solving the
system of Egs. (2) and (3) need much numerical effort, especially
for large numbers M and N, and require some experience.

2.2. Approximate solutions

By taking the derivative with respect to @ on both sides of (2)

the result is:
dKy, dKg /“ oh(r, a)
a 0a

2 = _th(r, a)o(r, @)ly=pq +

+ /a h(r, a)
ap

The bridging stresses are then given as:

1  dKg 1 /“ oh(r, a)
a 0a

B hlr:Aa da - hlr:Aa
dopr(r, a, Aa) dr

1 a
h(r, a)
/ao da

h |r=Aa
Identifying op,(r) = op| = Aa gives a first-order solution for
the bridging stresses:

opr(r, a)dr

dopr(1, a) dr.

Py (&)

Ghr'r:Aa = Gbr(raaa Aa)dr

(6)

)]
Obr

(r) = )

Aa=r

In the first-order approximation, only the first term of Eq.
(6) was regarded with the bridging stresses depending exclu-
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Fig. 2. For MgY-SN: (a) bridging stress distribution from Ref. 5, (b) computation of the total displacements &, composed of the applied displacements, 4, and the
bridging displacements, 8y, and (c) “bridging law” obtained by combining parts (a) and (b).

sively on r. In a second-order solution, the first integral term of
(6) accounting for the influence of crack length via the weight
function h(r, a) may be included. In this approximation, the
first-order solution (7) is used under the integral, resulting in:

1 4 oh
/ On(r, a)olgl)(r)dr.

2,1 (1
o
") At

Opr

®)

where the first number in the superscript indicates that up to, and
including, the second term of (6) is used in the approximation,
and the second number gives the step of iteration (started with
m=1). Generally it holds for higher iteration numbers m > 1:

1 @ Oh(r, _
/ (. a) ol(j’m 1)(r)dr.
h|r=Au ap da

©))

2, 1
oy " (r) = o, () —

3. Evaluation of approximation methods using
experimental results

The purpose of this section is to assess the capability of the
first- and second-order approximations to yield results near in
accuracy to the exact method from Ref. 7. Furthermore, one sim-
plifying assumption commonly made is to calculate R-curves,
Kgr(Aa), directly from the measured bridging stress distribu-
tion, op,(7), rather than the intrinsic material property, op(3),
by assuming that the crack opening profile, 4(r), is independent
of crack size over the relevant range of Aa. Accordingly, the
approximation methods are compared to the full method of Ref.
7 for ceramics with very different bridging behaviours (SizNg
and Al,O3), while possible errors introduced by the assumption
in Ref. 5 are also assessed.
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Fig. 3. For MgY-SN: (a) total displacement profiles for shorter crack extension phases, (b) bridging stress distribution for these cracks, (c) R-curve, in terms of Kpax,
calculated from the bridging stresses in (b) shown as the circles while the solid curve is that calculated by Kruzic et al.,> and (d) first-order solution for the bridging
stresses (dashed curve) resulting from the computed R-curve by application of Eq. (7) compared with the input stress distribution of Fig. 2a (solid curve).

3.1. Application to cracks in CT-specimen specimens

3.1.1. Silicon nitride

In Ref. 5, Kruzic et al. reported a bridging stress distribution,
opr(r), in a MgO and Y,O3 containing silicon nitride (MgY-SN)
measured using Raman spectroscopy (Fig. 2a). The measure-
ments were made using a compact tension (CT) specimen with
width W=19 mm, ag = 6.5 mm, and a = 12.5 mm. The crack was
grown by fatigue cycling using sine wave cyclic loading at 25 Hz
with a constant load ratio of Ppin/Pmax = R =0.1. Fatigue thresh-
olds were determined by reducing the applied stress intensity
range, AK = Kax — Kmin, at a constant AK gradient:

1 dAK
V=— ,
AK da

(10)

equal to —0.08/mm until the crack growth rate slowed to
approximately 10719 m/cycle, which is experimentally defined
as the fatigue threshold. Kyax and Ky, are the maximum and
minimum applied stress intensities during the loading cycle,
respectively. By Raman spectroscopy, it was found that the
bridging stresses approached zero roughly 100 wm behind the
crack-tip, thus measurements ceased after that point. Due to
cyclic degradation of the bridges, these measured bridging
stresses are of course lower than those from a test under
monotonously rising load. Using a sixth-order polynomial fit to
the measured stress data, a fatigue threshold R-curve, Kg(Aa),
was calculated over ~100 wm until a plateau was assumed where
opr(r) approached zero.

In Ref. 5, two numerical results were reported which both
would be an appropriate input for a sensitivity study. An attempt
using both numerical data sets, namely the calculated Kr(Aa)
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Fig. 4. For Al,O3: (a) measured R-curve data, in terms of Kpyax, Where each symbol represents an individual sample and the line represents the fit to Eq. (11), (b)
first-order bridging stresses compared with the full solution, and (c) the related bridging laws.

and polynomial fit of the oj,(r) data, as the input is not rec-
ommendable because it establishes a clearly overdetermined
problem. In order to assess the accuracy of the mathematical
procedure, we needed to avoid the influence of numerical data
from different representations. Since the R-curve in Ref. 5 was
computed from the bridging stresses, those stresses are used as
the basis to assess the influence of the constant crack opening
profile assumption in Ref. 5 on the results. The fact that o,(r)
comes from Raman-measurements with rather large scatter is
without any relevance for the following considerations since
any arbitrarily given distribution can be used for this purpose.
The stress field, oy,(r), expressed by a polynomial of 6th
degree with respect to the crack-tip distance, r, was introduced
into Eq. (3) resulting in the total displacements, 5(r) (Fig. 2b).
The stress polynomial, op,(7), in combination with the total dis-

placements, §(r), establishes the complete bridging law, o,(3),
as shown in Fig. 2c. Based on this relation, it is possible to
compute the total crack opening displacements for any crack
with increments of 0 < Aa < 102 wm. Some results are shown in
Fig. 3.

Fig. 3a represents the calculated displacement profiles for
four cracks with extensions shorter than the bridging zone size.
From these profiles and the bridging law, the individual bridging
stress distributions are obtained (Fig. 3b). From Eq. (2), the
related bridging stress intensity factors were determined and via
Eq. (1) the R-curve data, Kr(Aa), were calculated as shown in
Fig. 3c by the circles. Note, the points calculated using the full
solution taking into account the exact §(r) for each crack size
agree almost exactly with the R-curve calculated in Ref. 5 using
the simplifying assumption that §(r) is the same for both long and
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Fig. 5. For MgLa-SN: (a) R-curve (symbols measurements, curve: fitted according to Eq. (11)) and (b) weight function for a crack ahead of a slender notch.

short cracks. The R-curve calculated in Ref. 5, which is shown
as a solid line, is given by interpolating 17 data pairs (Kr, Aa)
by cubic splines.

Since the R-curve calculated in Ref. 5 was deemed accu-
rate, it was then used to demonstrate the ability of the first-order
approximation to accurately reflect the exact solution method.
The first-order bridging stresses were determined by use of Eq.
(7) and introduced in Fig. 3d as the dashed curve. This is essen-
tially the reverse calculation of that described above, but using
the first-order approximation instead of the full method of Ref.
7. Comparison of this result with the input stress distribution
of Fig. 2a, introduced in Fig. 3d by the solid curve, shows a
very good agreement. A second-order evaluation of the R-curve
according to Eq. (9) with (n=2, m=1) showed deviations from
the first-order solution less than 0.15 MPa. Therefore, this result
is not plotted in Fig. 3d.

3.1.2. Alumina

Fatigue threshold R-curve measurements were carried out
on two CT-specimens (width W=19.2mm and thickness
B=3.5mm) of 99.5% pure Al,0O3. The grain diameters were
widely distributed, with a mean lineal intercept of ~1.7 pm
and individual grain diameters ranging from sub-micrometer to
>25 wm. Fatigue cracks were initiated from machined notches
(ap=5.8 mm) that were sharpened by razor micronotching to
root radii p < 10 wm. Fatigue testing was conducted as described
for SizNy, except that the fatigue threshold was recorded at suc-
cessively increasing crack lengths by step increasing the load
after each measurement, resulting in the data shown in Fig. 4a
where Ky is given in terms of Kpyax. The best fit of these data
was given by:

Kr =Ko+ Ci(1 — (1 + Can/ Aa) exp[—Can/ Aal)

+C3(1 — (1 4+ C4+/Aa) exp[—Cyv/Aal) (11)

with the “best” set of coefficients:

C; = 1.305MPay/m, C, = 237.3//m,
C3 = 1.523MPay/m, C4 =29.67/y/m,

represented in Fig. 4a by the curve.

Application of Eq. (7) on the fit relation (11) yields the
bridging stresses as shown in Fig. 4b as the dashed curve. The
difference between the first- and second-order approximations
was less than 1 MPa. Therefore, the two results were represented
in Fig. 4b by one single dashed curve. The full solution obtained
from the solution of the system of integral equations ((2) and (3))
with a much higher effort is plotted as the solid curve. Fig. 4¢
shows the related bridging laws. For the tested alumina the first-
order approximation shows some deviations especially for the
for the large crack-tip distances of Aa>1 mm.

3.2. Cracks emanating from notches in SizNy bending bars

For more complicated cracks with more complicated weight
functions, such as a crack starting from a notch, the solutions of
(7) and (9) need slightly increased effort.

An traditional fracture R-curve for a MgO and LayO3 con-
taining silicon nitride (MgLa-SN) is shown in Fig. 5a. The test
was carried out on a pre-notched bending bar. Procedures were
identical to those found in Ref. 9, but briefly 4 point bend beams
(3mm x 4 mm x 25 mm) with razor micronotches (p & 9.5 pm)
and 2.6 mm notch depth were loaded in displacement control
until the onset of cracking. Crack lengths were monitored with
an optical microscope. Load and displacement data where used
to calculate the very first part of the R-curve.

For the determination of the bridging stresses, the weight
function for a small crack ahead of a slender notch must be
applied. It is given in Ref. 10 and can be written for the special
case of a small crack extension compared to the initial crack
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Fig. 6. For MgLa-SN: (a) convergence study of the second-order approximation and (b) first- and second-order bridging stresses compared with the full solution

obtained by simultaneous solving the integral Eqs. (2) and (3).
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Fig. 7. Influence of the crack length a on the weight function for the CT-
specimens; the hatched regions for r/W<0.007 indicate the experiments by
Kruzic et al.’

Fig. 5b shows this solution together with the geometric data R,
Aa, and r. For very short crack extensions on the order of about
Aa <R, the weight function significantly depends on Aa/R.

Application of Eq. (7) yields the first-order bridging stresses
as represented in Fig. 6a by the dash-dotted curve. The first and
second iterative solutions of Eq. (9) are given by the continuous
curves. The third and fourth iterations showed differences less
than 2 MPa, therefore, they are represented by the same dashed
curve. This curve indicates the final curve of convergence, i.e.
the bridging stress distribution o,(7).

The full solution obtained by solving the simultaneous system
of integral equations (2) and (3) is given in Fig. 6b by the solid
curve. Although differences in the approximations exist, the
second-order solution clearly exhibits all characteristic features
of the exact solution, which are in this case very high bridging
stresses of o~ 1250 MPa and a strong concentration of the
bridging effects in a crack-tip distance of about r=0-10 pm.

4. Discussion

Based on the evaluation of data for there different ceram-
ics tested using two different specimen types, the following
observations are made:

e The first- and second-order evaluations of the bridging
stresses for the Mg Y-SN ceramic tested with the CT-specimen
showed excellent agreement with the input stress data.

e For the AlO3 ceramic with a much larger bridging zone size,
also obtained with the CT-specimen, the difference of the
approximate solutions from the full solution was still rather
small.

e In contrast to these results, the MgLa-SN with a very steep
R-curve tested with a notched bending bar showed clearly
larger differences from the full solution.
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e Only in the third example is the benefit of a second-order
approximation evident; indeed, the addition of the second
term was negligible for the first two cases.

These differences may be discussed by the following consid-
erations.

The good agreement of the approximations in Fig. 3d is
not really astonishing as can be concluded from Fig. 7. This
diagram shows that the weight function h(+/W, a/W) given in
Ref. 10 is nearly independent of the relative crack length in the
range 0.25 <a/W < 0.45. The region of interest corresponds to
a ratio of /W <0.007. In Fig. 7, this region is indicated by the
hatched area. It is clearly visible that for such a small bridging
zone the weight function is independent of the relative crack
length. The derivative of the weight function with respect to
crack length therefore disappears and an agreement between the
first and second-order solutions becomes evident. This situation
also allows the assumption in Ref. 5 regarding the crack opening
displacements to be valid. In contrast, the /W values are much
higher for the alumina examined due to the large bridging zone,
causing a source of error, especially at large crack-tip distances.
Finally, for the notched bend sample the weight function changes
rapidly, even at short crack extensions, causing significant errors
in the first and second-order solutions, although they do capture
the general feature of the exact solution.

5. Summary

Simple first- and second-order approximations of bridging
stresses have been derived that need only differentiation of the
R-curve (first-order) and integrations (second-order). As exam-
ples of application, the bridging stresses for “fatigue threshold
R-curves” on MgY-SN and Al,O3 obtained with CT-specimens
are evaluated. It has been shown that a nearly exact solution
of the bridging stresses can be achieved with relatively simple
calculations for materials where the bridging zone is small com-
pared to the specimen width (e.g., SizN4 and SiAION ceramics)
and where the sample geometry is such that the weight function
changes weakly at small crack extensions (e.g., CT-specimen).
However, even with the CT-specimen caution must be taken as
the bridging zone size becomes larger (e.g., #W>.01), espe-
cially as the crack size becomes large (a/W>0.45). Results for
alumina show the manifestation of such errors, although the
errors are still rather small for that case. This latter situation
also implies that assuming the crack opening displacements are
independent of crack size will introduce errors.

Such good agreement is not expected for sample geometries
with a strongly changing weight function at small crack exten-
sions (e.g., combined notch/crack problems); however, in the
case of ceramics with very steep R-curves, the approximations
do exhibit the characteristic features of the exact solution. This
has been shown using an R-curve for MgLa-SN resulting from a
test on a notched bending bar. Thus, one must carefully consider
errors introduced by the approximation methods presented here,
as well as by other common simplifying assumptions, by evalu-
ating the effects of the weight function a priori for the geometric
parameters corresponding to the problem being solved.

Furthermore, despite the possible errors discussed above, in
any situation the derived first- or second-order estimates may be
used to establish a starting solution of the bridging stresses for
the more rigorous numerical procedure according to Ref. 7.
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