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Abstract

Four point bending samples were poled parallel to the long axis, notched and fractured. During mechanical loading, a constant electric field
was applied parallel or antiparallel to the poling direction (perpendicular to the crack surface). Assuming electrical crack boundary conditions
of (i) an impermeable or (ii) a completely permeable crack, the stress intensity factorsKI and the field intensity factorsKIV at failure were
determined by linear-piezoelectric finite element calculations. The fracture curveKIC(KIV ) for the impermeable crack model does not comply
to fracture criteria based on the total energy release rate or on the mechanical energy release rate. Within the completely permeable crack
model, it appears generally impossible to describe electric field effects on the fracture resistance. Some theoretical extensions of the crack
models are discussed which might contribute to resolve the aforementioned problems.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Piezoelectric PZT ceramics are important materials em-
ployed in the fabrication of electromechanical devices like
actuators, sensors, and transducers. In this context, the frac-
ture behavior of poled PZT under combined electromechan-
ical load conditions is an important issue, as PZT is suscep-
tible to brittle fracture.1

There are partially contradictory statements in the litera-
ture regarding the effect of an applied electric field on the
fracture resistance of PZT materials poled perpendicular to
the crack:

(i) Park and Sun2 and Tobin and Pak3 report that positive
electric fields (parallel to the poling direction) promote
and negative electric fields (opposite to the poling di-
rection) impede crack propagation. These conclusions
are based on three point bending and compact tension
experiments,2 and on indentation fracture tests at rela-
tively low indentation loads of about 5 N.

(ii) At higher indentation loads of about 20 N, Park and
Sun found that an electric field independent of its
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orientation facilitates crack propagation.2 The same
trend was confirmed by Fu and Zhang4 in compact
tension and indentation fracture experiments with an
indentation load of about 50 N and by Schneider and
Heyer5 at indentation loads of 40 N.

(iii) Finally, Wang and Singh6 observed in indentation
fracture tests with an indentation load of about 12 N
that positive electric fields inhibit and negative electric
fields enhance crack propagation.

In our experiment, we use a four point bending device to
investigate PZT ceramic bars poled in longitudinal direction
(normal to the prospective crack surface). The fracture tests
are conducted at constant electric field (Ea) applied parallel
or antiparallel to the poling direction, whereEa is defined
by the applied voltage (V) divided by the distance between
the electrodes (l). In the remaining part of this introduction,
we present some preliminary considerations regarding the
presentation of fracture data by phenomenological curves
and regarding the electrical crack boundary conditions.

1.1. Phenomenological fracture curves

Raw data as load and applied electric field measured at
failure in a fracture experiment are influenced by specimen
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geometry and crack length. Therefore, the intrinsic, geom-
etry independent fracture resistance of the material cannot
be described directly in terms of these data.

In modeling our experiment, we adapt the standard frac-
ture mechanics approach of K-dominated fracture in the
presence of a small process zone at the crack tip7,8 to our
situation of electromechanical (KI–KIV ) mixed mode frac-
ture: For all measured failure loads and the corresponding
applied electric fields, the mode I stress intensity factor (KI )
and the electric displacement intensity factor (KIV ) are de-
termined by linear-piezoelectric finite element calculations.
KI andKIV characterize the strength of the square root sin-
gularities at the crack tip of the stress and electric displace-
ment components perpendicular to the crack, respectively.9

The fracture resistance of the PZT-material is tentatively
characterized by the phenomenological curve of the stress
intensity factor at failure as a function of the electric dis-
placement intensity factor,KI = KIC(KIV ).

This model relies on the existence of a so-called
K-dominated region near the crack tip with linear material
behavior and singular stress/strain and electric field/electric
displacement distributions which, with a sufficient degree
of accuracy, depend only on the intensity factorsKI and
KIV of the linear-piezoelectric field problem corresponding
to the applied external boundary conditions. An eventual
nonlinear process zone should be embedded well within
the linear K-dominated region. In piezoelectrics, the source
of nonlinearity in the process zone is presumably domain
switching. Under such small scale conditions, the state of
the material in the process zone depends solely on the in-
tensity factorsKI andKIV of the surrounding K-dominated
region. Therefore, the function KIC(KIV ) should charac-
terize the intrinsic fracture resistance if only failure of
the material is initiated in the process zone or in the sur-
rounding K-dominated region. This concept was already
applied to the same PZT material fractured by conducting
cracks.10

1.2. Impermeable and completely permeable electrical
crack boundary conditions

A complication stems from the electrical boundary con-
dition on the nonconducting crack surfaces which is not
well defined. Crack problems of this type can be classified
according to their normalized crack opening, defined as the
ratio of crack opening to crack length times the ratio of the
permittivity of the solid to the permittivity of the medium
in the crack.12 Widely open cracks in that sense are ap-
proximately impermeable for the electric displacement flux
and have a maximum discontinuity of the electric potential
between the crack faces.9,12 Cracks with small opening dis-
placements are approximately permeable and have a contin-
uous electric potential.11–13 Both types of crack boundary
conditions lead to linear-piezoelectric field problems. The
model of a partially permeable crack extrapolates between
the two limiting cases of a completely permeable and an

impermeable crack,14–16 and is closer to reality as shown
experimentally by Schneider et al.17 However, the semiper-
meable crack boundary conditions are nonlinear and more
difficult to handle. For this reason, we analyze our fracture
data, using only the permeable and the impermeable crack
model. As a drawback, we can at best provide bounds for
the fracture resistance, even if the assumption of a small
scale switching zone is correct.

The following properties of the stress intensity factor
(KI ) and of the electric displacement intensity factor (KIV )
of impermeable and completely permeable cracks are val-
idated (for our configuration) by the results of the finite
element calculations inAppendix A: for given load con-
ditions, specimen geometry and crack length,KI of an
impermeable crack is equal toKI of the corresponding per-
meable crack. For both types of crack boundary conditions,
KI depends only on the mechanical load (F), not on the
applied electric field (Ea), KI = KI(F). KIV of an imper-
meable crack is a function ofF andEa, KIV = KIV (F,Ea).
KIV of a completely permeable crack is proportional toKI ,
KIV = constant× KI(F)≡KIV (F) where the proportional-
ity constant depends only on the material properties and on
the orientation of the crack relative to the poling direction
of the material. The latter statement is a general property
of permeable cracks. Therefore, measuring fracture curves
KI = KIC(KIV ), we can expectKI = KIC(KIV (F,Ea)) for
impermeable cracks andKI = KIC(KIV (F)) for completely
permeable cracks. In other words, from the impermeable
and the permeable crack models, only the impermeable
model can be fitted to fracture data which depend on the
applied electric field. The permeable crack model predicts
that fracture should not be influenced by an electric field
at all, leading to a constant fracture toughnessKIC—a
reconfirmation of McMeekings statement.16

2. Experimental set up

Commercial morphotropic PZT ceramic bars (PIC 151,
PI-Ceramic GmbH, Lederhose, Germany) of dimensions
3 mm × 4 mm × 24 mm were fractured in a standard-
ized four-point-bending device equipped with a 1 kN-load
cell (type S2, HBM GmbH, Darmstadt, Germany), using
ASTM-compliant18 support distances of 10 and 20 mm.
The principal set up is shown inFig. 1.

The samples were prepared as follows: After a heat
treatment at 500◦C for 2 h, the specimens were poled in
the longitudinal direction between their small end sur-
faces; these were electroded by silver paint coatings. Upon
poling, five specimens were connected parallel at a time
and placed in Fluorinert-liquid (FCM 77, 3 M, dielectric
strength 17 kV/mm) in order to inhibit flashovers. The ap-
plied voltage of 35 kV, corresponding to an electric field
of 1.46 kV/mm, was above the coercive field of about
0.8 kV/mm and yielded homogeneously poled specimens.
Later during the fracture experiments, the silver paint
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Fig. 1. Principal arrangement of the specimen and loads.

electrodes were used to generate a lower electric field ap-
plied parallel or antiparallel to the poling direction. The
notch was cut with a diamond saw blade of 120�m thick-
ness and sharpened with a razor blade in a special mechan-
ical appliance (SEVNB).19,20 Using diamond paste of 6,
2.5, and 1�m grain size, the curvature radius of the notch
tip was reduced to less than 10�m. The notch depths of
the 31 specimen comprised three groups ofa ≈ 1.1, 1.5,
2.0 mm corresponding to relative notch depths ofα ≈ 0.28,
0.37, 0.5 when normalized by the sample widths (w).

During the fracture experiments, the maximum voltage
of V = 18 kV, corresponding toEa = 0.75 kV/mm field
strength, required a slight modification of the bending de-
vice. For the purpose of insulation, the four loading cylin-
ders made of hardened steal were replaced by four ceramic
Al2O3-cylinders. The cylinders had to be fixed and aligned
by rubber bands instead of the four original magnetic plates;
these were replaced by glass plates of approximately the
same size (seeFig. 2). Nevertheless, it was necessary to

Fig. 2. Experimental set up. (In contrast to the measurement, the Fluorinert-liquid is not covering the specimen on the photograph.)

perform the experiment in Fluorinert-liquid completely cov-
ering the specimen.

A mechanical loading rate of about 3 N/s was applied
by a computer controlled universal testing machine (ATS
Series 1600, Applied Test Systems, Butler, USA) at a feed
rate of 0.2�m/s. Sometimes during the first measurements,
the upper loading cylinders moved slightly or twisted a few
tenth of a millimeter to the side upon specimen contact.
An inspection of their cross sections revealed a diameter
variation of about 20–50�m along their perimeter. After
grinding the ceramic cylinders with a ‘center less grinding
machine’ (Fa. A. Schweizer GmbH, Forchheim, Germany)
to an accuracy of better than 5�m, the motion and twist
upon specimen contact disappeared. The remaining scatter
in the experimental data was less than 5%.

3. Results and discussion

Fig. 3 shows the loads at fracture (Fc) measured at dif-
ferent applied electric fields (Ea). These fracture data are
still geometry dependent: At fixed electric field, the fracture
load decreases with crack length (a). Therefore, the func-
tion Fc(Ea, a) by itself cannot characterize the fracture re-
sistance of the material.

3.1. Phenomenological fracture curve

Depending on the adopted crack boundary conditions—
completely permeable or impermeable crack—each set of
fracture loads and crack lengths was converted into stress
intensity and electric displacement intensity factors,KIC =
KI(Fc, a) andKIV (Fc, Ea, a). Fc, the mechanical load mea-
sured at fracture, depends on the applied electric field and
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Fig. 3. Measured fracture loads (Fc) as a function of the applied electric
field (Ea).
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Fig. 4. Intensity factors at fracture for the permeable crack model.

on the crack length,Fc = Fc(Ea, a), as shown inFig. 3.
The functionsKI(F, a) andKIV (F,Ea, a) were determined
by the finite element method as described inAppendix A.
Figs. 4 and 5show the calculated intensity factors at fracture.
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Fig. 5. Intensity factors at fracture for the impermeable crack model.

Fig. 4corresponds to permeable crack boundary conditions.
Due to the proportionality ofKI and KIV for permeable
cracks, the data points form a straight line. The variation
�KI of about 20% makes it impossible to consider the frac-
ture toughness as a strictly constant value. Thus, the perme-
able crack model should be discarded at this moment for the
reasons discussed at the end of the introduction.

Fig. 5 shows theKI–KIV fracture data, if the crack is
considered electrically impermeable. The data points can be
fitted by the cubic polynomial

KIC(KIV ) = 0.9 MPa
√
m

[
1 + 0.2

(
KIV

10−3C/m3/2

)

+0.1

(
KIV

10−3C/m3/2

)2

−0.5

(
KIV

10−3C/m3/2

)3
]

(1)

Eq. (1)represents the phenomenological fracture resistance
curve resulting directly from the measured fracture loads
and the additional ad hoc assumption of impermeable crack
boundary conditions. In order to move beyond a purely phe-
nomenological curve, we should look for possible physically
based fracture criteria.

3.2. Energy criteria of fracture

Energy criteria predict initiation of fracture when the local
energy release rate at the crack tip (G) becomes equal to a
material specific energy barrier (Gc)

G = Gc (2)

Eq. (2) represents the balance of supplied and dissipated
energy during fracture. If large scale effects such as crack
bridging are not present, the energy release rate can be given
completely by crack closure integrals calculated for a virtual
crack advance (�A)9

G = lim
�A→0

∫
�A

t�u

2
dA+ lim

�A→0

∫
�A

(n+ · D)�ϕ

2
dA

= Gm +Ge (3)

where the superscripts, (·)+ and (·)−, denote the two oppo-
site crack faces.t is the traction vector on the prospective
crack surface before and�u = u+ − u− the crack open-
ing displacement vector between the opposite crack faces
after the virtual crack advance. Similarly,n+·D represents
the normal electric displacement vector on the prospective
crack surface before and�ϕ = ϕ+ − ϕ− the electric poten-
tial jump between the opposite crack faces after the virtual
crack advance. For obvious reasons,Gm andGe are called
the mechanical and electrical energy release rate, respec-
tively, although it is generally impossible to split the total
energy into purely mechanical and electrical parts in ma-
terials with piezoelectric coupling.16 Independently of the
applied load conditions—fixed force or fixed displacement,
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fixed voltage or fixed charge—the crack closure integrals
can be expressed by the field intensity factors,9

Gm = 1

4

3∑
i=1

4∑
k=1

HikKiKk and Ge = 1

4

4∑
k=1

H4kK4Kk (4)

resulting in the total energy release rate

G = 1
4K · H · KT (5)

where the electric displacement intensity factorKIV is com-
bined with the stress intensity factorsKI , KII , KIII .

K = (KII ,KI ,KIII ,KIV ) (6)

and the symmetric Irwin matrix (H) depends on the material
properties and on the orientation of the crack with respect
to the material. OnlyKI andKIV are different from zero in a
four point bending experiment. Using the Stroh formalism,9

the corresponding elements of the Irwin matrix for PZT PIC
151 were calculated as21

(
H22 H24

H42 H44

)

=
(

45.1 × 10−12 m2/N 39.7 × 10−3 m2/As

39.7 × 10−3 m2/As −123× 106 V2/N

)
(7)

The electrical energy release rate (Ge) of impermeable
cracks is always negative9 due toH44 < 0 andEq. (4). In
permeable cracks,Ge is always zero due to the continuous
electric potential on the crack,�ϕ = 0, andEq. (3). Noting
the equivalence of�ϕ = 0 with9

H24KI +H44KIV = 0 (8)

the energy release rate of permeable cracks can be written as

G = Gm = H̄22K
2
I

4
with H̄22 = H22 − H2

24

H44
> 0 (9)

Thus, the total energy release rate (G) of permeable
cracks, depending only on the mechanical loads, is always
positive. In the case of impermeable cracks,G depends
on both mechanical and electrical loads, but may become
negative if the electric field is large.

A straightforward attempt to extend linear-elastic fracture
mechanics to electromechanical mixed mode (KI–KIV ) load-
ing would invoke an energy criterion with the total energy
release rate of impermeable cracks

G(KI ,KIV ) = Gm(KI ,KIV )+Ge(KI ,KIV )

= 1
4(H22K

2
I + 2H24KIKIV +H44K

2
IV ) = Gc

(10)

whereGc represents the material specific constant energy
barrier. FromEq. (10)one would expect electric field effects
on the fracture toughness of dielectric materials even in the
case of vanishing piezoelectricity (H24 = 0). The dashed
line in Fig. 6 corresponds to the total energy release rate
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Fig. 6. Comparison of the measured fracture curve (solid, fitted byEq. (1))
with predictions based on a total energy release rate criterion (dashed) and
on a mechanical energy release rate criterion (dotted) for impermeable
cracks.

criterion for an impermeable crack. The critical energy re-
lease rateGc = 8.3 J/m2 was calculated fromEqs. (1) and
(10) with KIV = 0. The solid line represents the measured
fracture curve for our PZT material,Eq. (1). A comparison
shows no agreement between the predicted and the measured
curve (Eqs. (1) and (10)).

Park and Sun2 suggested a fracture criterion based on the
mechanical energy release rate (Gm) of impermeable cracks
instead of the total energy release rate (G)

Gm(KI ,KIV ) = 1
4(H22K

2
I +H24KIKIV ) = Gc (11)

FromEq. (11)one would expect no electric field effects on
the fracture toughness of dielectric materials without piezo-
electric coupling,H24 = 0. Fig. 6 compares the prediction
(dotted line) and the measured curve (solid line) for our
piezoelectric PZT material. Again, there is no agreement.
The measurements show a moderately increasing fracture
toughness (KIC) with increasingKIV in the surroundings of
KIV = 0, and a possibly reversed trend at larger magnitudes
of |KIV |, whereas the overall prediction of the mechanical
energy release rate criterion suggests a monotonously de-
creasingKIC with increasingKIV .

3.3. Discussion

Consider the values of the total energy release rate (G)
and of the mechanical energy release rate (Gm) at fracture
as a function ofKIV for the impermeable crack (Fig. 7). Ob-
viously, the fracture criterion (10), which is based on the
total energy release rate (G), has to be discarded immedi-
ately, asG becomes negative in a range ofKIV -values where
the sample has been fractured. But also a fracture criterion
based on the mechanical energy release rate (Gm) is ques-
tionable asGm cannot be considered to be a constant (Gc)
as required by (11), even in an approximate sense. This
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level resulting from a permeable crack assumption.

emphasizes again, that our measurements do not comply
with fracture criteria based on the total or mechanical en-
ergy release rate of impermeable cracks.

Compare now the very large variations ofG or Gm for
the impermeable crack model with the range of�G for the
completely permeable crack (Fig. 7). In view of this compar-
ison, the permeable crack model in conjunction with a sim-
ple fracture criterionG = Gc ≈ 12 J/m2 is to be prefered, in
spite of the ratio�G/Gc ≈ 30%. This is in agreement with
recommendations based on a theoretical analysis of partially
permeable Griffith cracks by Balke et al.15 Eq. (9)shows the
equivalence of the fracture criteriaG = Gc ≈ 12 J/m2 and
KI = KIC ≈ 0.9 MPa m1/2, similar to linear-elastic fracture
mechanics. The critical energy release rate of 12 J/m2 was
also measured in four point bending tests of the same PZT
material but with conducting cracks.10

Within the completely permeable crack model, we have
to accept the impossibility to account for electric field ef-
fects on the fracture toughness. Real cracks, however, are
electrically semipermeable, not completely impermeable or
completely permeable.14–16 Thus, Kelvin force microscopy
measurements of the dielectric constant inside the crack of
εr = 40 support a partial permeability of the crack for elec-
tric fields,17 inspite of the fact that cracks in the experi-
ment are never mathematically sharp, representing instead
long notches with noncontacting faces that are separated
by an insulating medium. The semipermeable crack model
leaves hope to improve the analysis of our fracture data for
a better account of electric field effects. The boundary value
problems to be solved in this case are nonlinear due to the
semipermeable boundary conditions on the crack faces. Be-
sides the usual contributions from the crack closure inte-
grals, the energy release rate gains additional contributions
from the electric field inside the crack. In a simple picture,
these contributions should be determined by the volume of
the open crack times a characteristic energy density of the

electric field, thus being proportional to the crack opening
displacement∼KI times the square of the electric field∼
K2

IV leading toG ∼ KIK
2
IV —compare with an analytical

treatment of the semipermeable Griffith crack under constant
farfield load.22 Strictly speaking, terms∼KIK

2
IV are also

present in permeable cracks. However, due to the required
small crack opening condition for permeable cracks, they
can be usually neglected. For other than Griffith cracks, the
energy release rate of semipermeable cracks has to be cal-
culated in each particular geometry and load configuration.
Similar to large scale bridging effects or other effects re-
lated to a large process zone, the contributions of the electric
field inside the crack to the energy release rate cannot be ex-
pressed in a standardized manner by the intensity factors.16

Besides the permeability of the crack, Landis indicated
an electrically induced traction between opposite crack sur-
faces and remanent polarization surface charges as additional
physical features of piezoelectric crack problems, which
might be important for the fracture analysis but are usu-
ally neglected. In addition, polarization switching near the
crack tip could influence by crack shielding or amplification
the measured fracture toughness,23,24 and it is important to
model these effects in combination with the correct crack
surface conditions.

If the applied electric field and therefore the switching
zone at the crack tip become too large, the small scale
switching assumption behind the K-concept ceases to be
valid. The size of the switching zone (Rs) can be estimated
similar to the plastic zone size for small scale yielding in
Irwin’s approach:8 The yield stress and the fracture tough-
ness of Irwin’s approach have to be replaced byε33Ec
andKIV ,C, respectively. Assuming a permeable crack with
KIC ≈ 0.9 MPa m1/2 and KIV ,C = −KICH24/H44, us-
ing the Irwin matrix elements ofEq. (7), the permittivity
ε33 = 850ε0 and a coercive field ofEc = 0.8 kV/mm, the
size of the switching zone is determined as

Rs ≈ 1

2π

(
KIV ,C

ε33Ec

)2

= 1

2π

(
H24KIC

H44ε33Ec

)2

≈ 0.3 mm (12)

A process zone ofRs = 0.3 mm at the tip of 1–2 mm long
cracks could be already large enough to be critical for the
small scale switching assumption.

4. Summary and conclusions

Our fracture data and analysis do not comply with frac-
ture criteria based on the total or mechanical energy release
rate of impermeable cracks. They are better reproduced by
a constant fracture toughness criterion,G(KI) = Gc, based
on a permeable crack model and supported by Kelvin force
microscopy measurements.17 The toughness values deter-
mined for insulating and conducting cracks in our PZT ma-
terial areGc ≈ 12 J/m2.

The reasons for the disagreement between our experimen-
tal results on the one hand and statements in the literature



H. Jelitto et al. / Journal of the European Ceramic Society 25 (2005) 749–757 755

regarding electric field effects on the fracture toughness and
their interpretation based on the mechanical energy release
rate of impermeable cracks2 on the other hand are not clear.

The permeable crack model adopted in our analysis
makes it impossible to account for electric field effects on
the fracture toughness and has a rather large variation of the
energy release rate�G/Gc. This implies that a semiperme-
able crack model should be used in an improved analysis.
Furthermore, direct and independent measurements of the
energy release rate by a generalized piezoelectric compli-
ance method would be desirable.25,26 They could eliminate
the influence of the particular assumptions used for the
crack boundary conditions on the calculated energy release
rates.

In view of a relatively large estimated crack tip process
zone, the small scale switching assumption used in the anal-
ysis needs further substantiation.
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Appendix A. Finite element model

The four-point-bending configuration was modeled by
four-noded piezoelectric plane strain elements using the
finite element code ANSYS. The electric field (Ea) was
applied between the electroded side faces of the specimen
(perpendicular to the crack) parallel or antiparallel to the
poling direction. The simulation results can be applied to
different edge crack lengths, applied loads and electric
fields. However, any change in the specimen geometry or
material properties would require a new simulation.

Specimen geometry and material properties

The specimen beyond the outer load points does not exert
a significant influence on the crack tip conditions. For this
reason, the finite element model with the dimensions listed
in Table A.1was restricted to the region of lengths0 between
the outer load points. The transversally isotropic material
constants of PZT PIC 151 are listed inTable A.2.

Table A.1
Specimen geometry

Width, w (mm) ≈4
Thickness,t (mm) ≈3
Length, l (mm) 24
Outer span,so (mm) 20
Inner span,si (mm) 10

Table A.2
Material constants for PZT PIC 151

Stiffness constants Piezoelectric constants Permittivity constants

C11 = 107.65 GPa e31 = −9.6 C/m2 ε11 = 1110ε0

C12 = 63.124 GPa e33 = 15.1 C/m2 ε33 = 852ε0

C13 = 63.854 GPa e15 = 12.0 C/m2

C33 = 100.45 GPa
C44 = 19.624 GPa

Edge crack geometry and boundary conditions

The crack length (c) normalized by the specimen width
(w) was varied betweenα = 0.05 andα = 0.95 in steps of
0.05. The crack faces are traction free.

Two types of electric crack face conditions were applied
to the insulating crack:

1. The impermeable crack with vanishing normal electric
displacement components.

2. The completely permeable crack with continuous electric
potential and normal electric displacements.

Employing the geometric and material symmetry, the per-
meable crack conditions are enforced by fixing the electric
potential on crack faces and ligament to one half of the ap-
plied voltage.

Intensity factors

The intensity factors as a function of crack length, applied
load and applied electric field were calculated as follows:

1. A finite element model was built for each normalized
crack length betweenα = 0.05 andα = 0.95.

2. For each crack length, two load cases were simulated:
(a) a prescribed four point bending load and zero applied

electric field
(b) a prescribed applied electric field and zero bending

load
Mixed loading can be represented as linear superposi-

tion of the load cases (a) and (b).
3. For each load case, stresses and electric displacements

were evaluated at five test nodes in the ligament. The
distance of these nodes to the crack tip were chosen as
0.1c, 0.15c, 0.2c, 0.25c, and 0.3c, wherec is the smaller
length of crack length and ligament length.

4. The singular electromechanical fields were extrapolated
to the crack tip as
√

2πx · σy = KI + AIx (A.1)
√

2πx ·Dy = KIV + ADx (A.2)

where thex- andy-directions of the crack tip coordinate
system are parallel and perpendicular to the crack surface,
respectively. The parametersK andA are least-square fits
to the numerically calculated data at the five test nodes
in the ligament. The linear fit is based on the absence
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of T-stresses and electric displacements for the analyzed
field components (C.F. Gao, private communication). The
load dependence of the calculated intensity factors can
be represented as:

KI = w1/2σakIσ(α)+ w1/2Eae33kIE(α) (A.3)

KIV = w1/2σa
e33

C33
kDσ(α)+ w1/2Eaε33kDE(α) (A.4)

whereσa = (3/2)(F/t)(so − si)/w
2 gives the applied

bending stress of an uncracked sample loaded by the
same bending force (F). Dy and the intensity factorsKIV
are counted positive in the poling direction. The shape
functions of the normalized crack length (α), kIσ(α), . . . ,
kDE(α), can be approximated by least-square fits and are
listed below. A relative error can be estimated as the
absolute value of the difference between fit curve and
actualk-value normalized by thek-value. In all cases, the
average error was less than 1%, the maximum error for
all data points somewhat more than 3%.kIσ(α) for the
impermeable and permeable crack are equal and close
to kIσ(α) for a conducting crack which was analyzed for
comparison.

Shape functions for impermeable cracks

kIσ =
√
πα

(1 − α)3/2
(1.07− 1.89α+ 2.14α2 − 0.95α3) and

kIE = 0 (A.5)

kDσ =
√
πα

(1 − α)3/2
(2.45−4.33α+4.73α2−2.06α3) (A.6)

kDE =
√

πα

1 − α
(2.05− 1.19α+ 0.48α2 − 0.61α3) (A.7)

Shape functions for completely permeable cracks

kIσ =
√
πα

(1 − α)3/2
(1.07− 1.89α+ 2.14α2 − 0.95α3) and

kIE = 0 (A.8)

kDσ =
√
πα

(1 − α)3/2
(2.33− 4.12α+ 4.59α2 − 2.02α3) and

kDE = 0 (A.9)

The shape functions,Eqs. (A.5)–(A.9), take into account
the asymptotes of the intensity factors forα → 0 andα → 1,
similar to the functional form of standard reference solutions
in edge cracked beam problems.27

For permeable cracks,Eqs. (A.3), (A.4), (A.8), and (A.9)
show that the field intensity factorKIV is proportional toKI .
Within a numerical error of<2%, the calculations confirm
the generally valid crack length independent proportionality
relation betweenKI andKIV for permeable cracks

KIV = −H42

H44
KI (A.10)

The Irwin matrix elementsH42 andH44 depend only on
the material constants and on the orientation of the crack
with respect to the material.9 For PZT PIC 151, they are
given byEq. (7).
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