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A fracture mechanics model for alkali–silica reaction (ASR) is presented that deals with the case of a concrete
made up of dense spherical aggregates. Chemistry and diffusion (of ions and gel) are not modelled. The focus
is put on the mechanical consequences of the progressive replacement of the aggregates by a less dense gel. A
ring-shaped crack then appears in the cement paste depending on the pressure build-up, according to an in-
cremental energy criterion. The stored elastic energy and deformation of each configuration are determined
assuming that each aggregate is embedded in an infinite cement paste matrix, through Finite Element Analysis.
We note a very different behaviour of aggregates of different sizes. Adding the contributions of different aggre-
gates leads to an estimate of the free expansion of a concrete of given aggregate size distribution. Parameters of
the model are identified, providing a good fit to experiments taken from Multon's work.
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1. Introduction

The alkali–silica reaction has been discovered in the 40s in the
USA by Stanton [25]. It affects a very small fraction of concrete build-
ings, but it can be detrimental to the affected structures. First models
were proposed in the 50s, and its study improved gradually when
new experimental methods allowed to look inside the affected con-
crete more precisely. It has been observed that for the alkali–silica re-
action to occur, three conditions need to be simultaneously verified:
presence of reactive aggregates, high water content, and high alkali
concentration. However, no consensus was reached on most parts of
the reaction mechanisms. The alkali–silica reaction is visible through
expansion and/or superficial cracking of macroscopic parts. Resis-
tance to traction is much more affected than resistance to compres-
sion. The elasticity modulus decreases and plastic deformation
increases. Microscopically a network of microcracks grows because
of swelling of reactive sites where amorphous gels are created. One
can sometime observe reaction rims and decohesion at the cement
paste/aggregates interface.

These microcracks seem to play an important role in the macro-
scopic expansion of concrete structures. ASR is not always detrimen-
tal: when the gels find enough space to expand without cracking the
cement paste, almost no macroscopic expansion is observed. Micro-
cracks also play an important role concerning the anisotropy of the
expansion when the concrete structure is loaded. Therefore in this
article, we will focus on the initiation and propagation of ASR micro-
cracks, at the level of the reactive sites. First, we recall the main points
.
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of existing ASR models. We then explain briefly why we propose a
new fracture model for ASR and its differences with existing ones.
Then follow the description of the considered elementary volume
and the computation of the energies used in the energy fracture crite-
rion presented right after. The simple rule used to sum the contribu-
tions of different elementary volumes to macroscopic expansion
comes next. Later, we explain which parameters influence the results
of the model, focusing on aggregate size and the properties of the ASR
gel. Finally, we discuss the potential of our model for reproducing ex-
perimental expansion curves.

2. Mechanical modelling of ASR

Amongst the mechanical models for ASR, the focus is placed on
different physical phenomena according to the goal of the authors.
For instance, Dormieux and Lemarchand [15,14,6] have a microporo-
mechanics approach. They compare the mechanical consequences of
the topochemical and through-solution reaction mechanisms in
[15]. It leads them to show that whether gelification occurs homoge-
neously in the porous space (through-solution mechanism), or main-
ly close to the sites of silica dissolution (topochemical mechanism),
the usual S-shaped (sigmoid) expansion curve can be obtained. This
expansion shape is recovered both if the gel is created in a crack family
or homogeneously through the medium, but the characteristic expan-
sion times differ. They also show that the compressibility of the gel
might be important to consider. In [14,6], they focus on the topochemical
option and create the gel in a family of cracks representing the interface
transition zone (ITZ) around aggregates. The effect of an external stress
(isotropic or not) on the expansion is studied. They assume that the gel
production stops when a crack is closed due to external stresses. This

http://dx.doi.org/10.1016/j.cemconres.2012.01.004
mailto:laurent.charpin@enpc.fr
http://dx.doi.org/10.1016/j.cemconres.2012.01.004
http://www.sciencedirect.com/science/journal/00088846


614 L. Charpin, A. Ehrlacher / Cement and Concrete Research 42 (2012) 613–625
allows a good reproduction of Larive's tests [13] which show an anisot-
ropy of swelling under anisotropic stresses, and the diminution of total
swelling above a certain load.

Ichikawa's model [12,11] is original because it takes into account
the different role of different kind of precipitates according to their
calcium content and hydration. This model is restricted to homoge-
neous and dense siliceous aggregates, in which the attack takes
place gradually from the surface to the centre. The expansion mecha-
nism is related to reaction rim cracking, not paste cracking. Associated
with a diffusion model for calcium and alkali ions, this fracture model
reproduces aggregate fraction and size pessimum effects. Theymention
a thermodynamical evaluation of the expansion pressure that the gels
can develop of 400 MPa.

The model of Suwito [27] considers the attack of a homogeneous
and dense aggregate (crushed glass) by alkali hydroxides during the
14 days accelerated test ASTM C-1260. It aims at reproducing the pes-
simum size effect. The model is divided into two parts: an application
of the composite theory to characterise the expansion and internal
pressure generated by ASR with aggregates of different sizes, and an
application of diffusion theories to describe the chemical attack and
the gel flow in the cement paste porosity. This problem is finally
solved analytically using the unknown pressure at the surface of the
aggregate as boundary condition. This formalism allows reproducing
the aggregate pessimum size effect.

Sellier [23] proposed a model involving many physical phenome-
na and taking into account the probabilistic dispersion of various pa-
rameters. Diffusion in the porous space, cement paste cracking,
capillary gel permeation are taken into account. The macroscopic
swelling is estimated through the created crack volume. The model
gives a good estimate of the pessimum aggregate volume fraction.
In the same spirit as Capra in [5], the macroscopic part of the model
reproduces the anisotropic swelling under anisotropic stresses, and
the effect of the material heterogeneity.

The strictly mechanical model of Bažant [2] (as opposed to [1]
which deals with other physical phenomena) aims at reproducing
the pessimum effects when crushed recycling glass is used in con-
crete, in the ASTM C-1260 mortar bar accelerated test. The gel swell-
ing is attributed to water imbibition. The cracking around spherical
aggregates is calculated from an analytical stress intensity factor.
The gel permeation in the connected porosity is taken into account.
This procedure leads to a good reproduction of the pessimum size ef-
fect on expansion, and the calculated resistance in traction after ASR
presents the same pessimum size as the measured compression resis-
tance, but there is no quantitative agreement between predictions
and measurements. Most parameters are obtained by curve fitting.

Multon gave a model [16] aiming at explaining the role of aggre-
gate size and alkali content observed in two series of experiments
[17,16] and Poyet's work [21]. The volume of gel produced by each
aggregate size is deduced from its volume fraction and alkali content.
It is then corrected to take into account the escape of a part of the gel
into the porosity of the surrounding cement paste. Finally, the average
deformation is related linearly to the aggregate volume variation
through a parameter to be identified, but no computation of fracture
mechanisms is proposed. However the pessimum size behaviour is
well reproduced. In a previous model [18], the damage of the cement
paste surrounding the aggregate under attack reproduces the micro-
cracking induced by the pressure build-up in the gel. Our model is
frommany points of view connected to this model, the main difference
being that we consider explicit crack growth where they use damage.

Despite the number and variety of microscopic models for ASR, we
thought that the description of cracking of the cement paste under
ASR and its consequences could be improved. The models of Lemarc-
hand and Dormieux [15,14,6] are the closest to be able to reproduce
the anisotropy of swelling effects, but we are interested in modelling
cracking around aggregates, which they do with a geometry with
which the way cracks grow is not satisfactory to us. Itchikawa
[12,11] deals with the probabilistic aspects of fracture in such a way
that it seems too complicated to be extended to anisotropy. Suwito
[27] considers swelling of aggregates and diffusion of gel, but no
cracking occurs. Sellier [23] considers the cracks as penny-shaped,
not taking into account the fact that they develop around aggregates.
The approach of Bažant [2] is very interesting to us, but we are not
fully satisfied with some assumptions such as the fact that the aggre-
gates are placed on a periodical grid, and his estimation of the average
deformation.

3. Restrictions of the model proposed in this paper

In this first attempt to understand the behaviour of an aggregate
submitted to an attack, we only study a simplified mechanical prob-
lem related to ASR. Our goal is to understand the role of cracking of
the cement paste in the swelling of concretes submitted to ASR.
Therefore, we restrict our model to the simplest elements leading to
the appearance of a crack in the cement paste under gel pressure.
We want to understand how the sizes of aggregates influence crack-
ing and hence, ASR expansion. The model follows many ideas of
Bažant mechanical model for ASR [2]. Let us explain the main differ-
ences here. First, in our model, no assumption is made about the pe-
riodicity of the aggregates in the cement paste. Instead, each
aggregate is assumed to be embedded in infinite cement paste. Second,
the basis for crack propagation is a Finite Element Analysis (FEA), in-
stead of an interpolation between analytically known stress intensity
factors. On this point, our approach is close to that of Xiao [30] where
the authors study, through FEA, the evolution of stress intensity factors
for ring cracks surrounding inclusions when varying various parame-
ters, except thatweworkdirectly on energies.We also compute the vol-
ume available to the gel by FEA which makes it simpler than what is
done for example in [2] where it is deduced from the crackedmedium's
compliance which is obtained by integration (with respect to the crack
size) of the stress intensity factor. Then, our determination of average
deformations far from the reaction sites is quite simple. Finally we
makeno assumptions about the compressibility of theASR products rel-
atively to the cement paste andwebriefly discuss its importance (like in
[15]). Our goal in this article is to build a reliable method to create and
propagate cracks that we'll be able to use under external loadings to
study the anisotropy of expansion, later on.We plan to use thismethod-
ology to finally be able to extractmacroscopic information about the an-
isotropy of swelling and decrease of material properties that can be
used in structure-size FEA.

4. Description of the behaviour of an elementary volume

In this section we study in detail the behaviour of an aggregate
surrounded by the infinite cement paste matrix, under stress-free
outside boundary conditions (at infinity) (Fig. 1). The main assump-
tions and weaknesses of the model her are:

• The aggregates are spherical.
• The attack occurs homogeneously from the surface of aggregates,
but only a fraction ρ of the aggregate is dissolved, which represents
the volume fraction of reactive silica contained in the aggregate.
This is an important assumption which could be completely
wrong for some aggregates which contain pockets rather than ho-
mogeneously spread reactive silica. This choice is related to the de-
cision to model the behaviour of rapidly reacting aggregates, as
those tested for example by Giaccio [10] in his two first concrete
mixes: a highly reactive siliceous orthoquartzite and a natural
sand containing volcanic glass. For these two types of aggregates,
the reaction mostly takes place at the surface of the aggregates, in-
ducing a pressure build-up and crack propagation into the cement
paste. Ponce also classifies aggregates as rapid-reacting and slow-
reacting [20]. He explains the mechanism of dissolution of the
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reactive siliceous phase (opal, chalcedony) in an orthoquartzite ag-
gregate where the reactive silica plays the role of a cement for less
reactive part of aggregates (quartz grains). Hence, when it is dis-
solved, the aggregates loses its cohesion with the cement paste.
The case of slow-reactive aggregates, where reactive phases are
usually embedded in non reactive ones inside the aggregate, is
completely different. Some examples are given in the two just
cited works [20] and [10] and a detailed description of the expan-
sion mechanism for such aggregates is given in Ben Haha's work
[4] and [3]. Dunant [7] and [8] has built a numerical model for alkali
silica reaction where the reactive zones are placed inside the aggre-
gates. Their expansion induced damage in the aggregate. Reinhardt
[22] has built a model for ASR which is focused on the fracture of ag-
gregates under the internal pressure of the gel.

• The first layer of cement paste around the aggregate represents the
Interface Transition Zone (ITZ), of thickness lc (order of magnitude:
1 μm), which is a zone of large porosity compared to the rest of the
cement paste. Therefore, we assume that the produced gel doesn't
penetrate in the cement paste porosity, except for the interface
transition zone which is assumed to be of porosity 1. However,
since we think that some pressure is required for the gel to invade
the ITZs porosity, the filling of this zone will be assumed to increase
with pressure, until it is full. The presence of this zone of higher po-
rosity and reduced mechanical properties, where the gel concen-
trates, supports the idea that as far as expansion is concerned and
once attack has begun, everything is as if the aggregate was un-
bounded from the cement paste.

• The aggregates don't see each other mechanically: cracking hap-
pens as if each of them was embedded in an infinite cement paste
matrix. This assumption is highly disputable, due to the high aggre-
gate concentration of concretes (half of the total volume is com-
mon). We intend to improve the micromechanical description of
the concrete sample in a further article in order to better take into
account the large aggregate concentration and estimate the reduc-
tion of macroscopic elastic properties.

We call Rp the radius of the cavity in the cement paste. It is also the
radius of the aggregate before the attack. The aggregate is chemically
attacked in such a way that a fraction ρ of its volume is replaced by a
gel, starting from the outside. The degree of attack is described by the
parameter α∈[0;1]. The undeformed radius of the sound part of the
aggregate (that is if the pressure is released) at the degree of attack
α is Rg(α)=(1−α)Rp. The total undeformed remaining volume of ag-
gregate is the sum of the volume of sound aggregate plus the
remaining volume in the attacked parts, representing a volume frac-
tion of (1−ρ) relatively to the original aggregate. Therefore it writes:

Va0 αð Þ ¼ 4
3
πR3

p 1−αð Þ3 þ 1−ρð Þ 1− 1−αð Þ3
h ih i

ð1Þ

The aggregate and cement paste are considered linear isotropic
elastic of Young's modulus and Poisson's ratio (Ea, νa) and (Ec, νc).
The gel bulk modulus is Kgel.

If we assume that the chemical reaction is expansive and the products
occupy a volume δ times bigger than the aggregate, the volume of gel at
the reaction extent α, under zero pressure, is:

V0 αð Þ ¼ 4
3
πδρR3

p 1− 1−αð Þ3
h i

: ð2Þ

Let us stress that δ could be an effective value of the ratio of the gel
volume to the aggregate volume accounting for physical phenomena
such as the water imbibition by the gel, which is not explicitly de-
scribed here. To keep our model simple, we consider it as a constant.
We also assume that the gel is at constant pressure (whether in the
aggregate, at the surface, or later in the ITZ and cracks), since ASR is
a slow process. We study the cracking of the cement paste under
the increasing pressure created by gel accumulation around the ag-
gregate. Quantities relative to the gel, the aggregates, and the cement
paste, respectively have the indexes gel, a, and c.

4.1. Study of the situation right after the appearance of an axisymmetric
crack

We suppose that the crack breaks the spherical symmetry of the
system but keeps a cylindrical symmetry. The cement paste is cracked
by a penny-shaped crack in the plane 0; ex; ey

� �
. The crack is

concentric with the aggregate (Fig. 2).
We assume that when in the uncracked state the pressure reaches

a critical value (yet unknown), a crack of finite length is instanta-
neously created. Hence, the crack inside radius is Rp and its outside
radius is (1+x)Rp in undeformed configuration. x is a dimensionless
parameter representing the size of the crack. The area of the created
crack is:

S xð Þ ¼ πR2
p 1þ xð Þ2−1
h i

: ð3Þ

4.1.1. Gel pressure
This instantaneous crack creation leads to an increase of the volume

accessible to the compressible gel and hence, a decrease of its pressure.
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We write the gel pressure P(α, x), to make explicit its dependence on
the attack degree and crack size, keeping implicit other dependencies
(on material and geometrical fixed parameters). We will use the same
notation for volumes and energies.

4.1.1.1. Point of view of the gel. These quantities are related through the
state law of the gel:

Vgel α; xð Þ ¼ V0 αð Þ 1−P α; xð Þ
Kgel

" #
: ð4Þ

4.1.1.2. Point of view of the solid. In this cracked configuration, no ana-
lytical expression is available to compute the volume variation of the
cavity depending on the length of the crack, pressure. However, we
can use dimensional analysis to have as few different cases to com-
pute through finite elements analysis (FEA) as possible.

Let us consider the simple problem explained on Fig. 2 where the
cracked cement paste is submitted to a pressure P on the cavity sur-
face and the crack lips. We are interested in the volume change of
the cavity when pressure is applied. It shall depend on the pressure
P, the cavity radius Rp, the relative crack size x and the Young's modulus
and Poisson's ration of the cement paste (Ec, νc).

First, due to the linearity of this elasticity problem, the volume
variation of the cavity is proportional to the loading pressure P. Second,
dimensional analysis allows us to write the volume variation in the

formΔVc ¼ R3
pf

P
Ec

� �
g x;νcð Þ. Where the functions f and g are dimension-

less. Recalling that it is proportional to the loading pressure, we get

ΔVc ¼ R3
p

P
Ec
g x;νcð Þ.

For convenience of the expression, we write it in the following
way, where α and x are the two variables describing the system:

ΔVc α; xð Þ ¼ 4
3
πR3

p
P α; xð Þ

Ec
Δv xð Þ: ð5Þ

Where 4
3 πΔv xð Þ is the volume change when a pore of unit radius

surrounded by a crack of dimensionless length x in a material of
unit young modulus and Poisson ration νc is loaded by a unit pressure.
Strictly speaking, Δν depends on νc but we don't write it explicitly
since it is easy to fix νc once and for all and to perform the calculations
for this value. This function is known by FEA, by relating it to the stored
elastic energy in the medium, as explained in Section 4.1.2.

When there is no crack, it is easy to write a closed form expression
of the dimensionless volume variation of the cavity:

Δv 0ð Þ ¼ 3
2

1þ νcð Þ: ð6Þ

The volume accessible to the gel can then be written as the sum of
four terms:

• First, the volume left free by the aggregate erosion:

4
3
πR3

pρ 1− 1−αð Þ3
h i

: ð7Þ

• Second, the volume corresponding to the hydrostatic compression
of the sound part of the aggregate and the remaining proportion
(1−ρ) in the attacked zone (see Eq. (1)), easily written using the
bulk modulus of the aggregate Ka ¼ Ea

3 1−2νað Þ:

P α; xð Þ
Ka

Va0 αð Þ: ð8Þ

• The contribution of the cement paste explained above, equal to
ΔVc(α, x) (see Eq. (5)).
• The volume of gel which could permeate into the ITZ, which we
choose to depend linearly on the pressure until a threshold pressure
P0 is reached (when the ITZ is full) and to be proportional to the ex-
ternal surface of the considered aggregate:

VITZ ¼ 4πR2
plcmin 1;

P
P0

� �
: ð9Þ

Adding these contributions (Eqs. (7), (8), (5), (9)):

Vgel α; xð Þ ¼ 4
3
πR3

p

(
ρ 1− 1−αð Þ3
h i

þ P α; xð Þ
Ka

1−αð Þ3 þ 1−ρð Þ 1− 1−αð Þ3
h ih i

þ P α; xð Þ
Ec

Δv xð Þ þ 3
Rp

lcmin 1;
P
P0

� �)
:

ð10Þ

Andfinally the pressure right after cracking is determined by solving
the piecewise linear equation in P(α, x) obtained by saying that our two
expressions for the volume of gel Vgel (Eqs. (4) and (10)) are equal
(again using the aggregate bulk modulus Ka ¼ Ea

3 1−2νað Þ):

If P > P0; Pðα; xÞ

¼
δ−1ð Þρ 1− 1−αð Þ3

h i
−3lc

Rp

δρ 1− 1−αð Þ3
h i

Kgel
þ Δv xð Þ

Ec
þ

1−αð Þ3 þ 1−ρð Þ 1− 1−αð Þ3right
h i
Ka

ð11Þ

If PbP0; P α; xð Þ

¼
δ−1ð Þρ 1− 1−αð Þ3

h i
δρ 1− 1−αð Þ3
h i

Kgel
þ Δv xð Þ

Ec
þ

1−αð Þ3 þ 1−ρð Þ 1− 1−αð Þ3
h i

Ka
þ 3lc
P0Rp

:

ð12Þ

These two expressions are identical for P=P0. Therefore, switch-
ing from Eq. (12) to Eq. (11) leads to no discontinuity of pressure
with respects to the variations of the attack degree α. And we define

the dimensionless pressure p α; xð Þ ¼ P α;xð Þ
Ec

. The dependence in Rp
passes through the presence of x which depends on Rp and is explicit
in the term related to the ITZ.

4.1.2. Stored elastic energy
The stored elastic energies in the aggregate and gel are computed

in closed form:

Elastic energy stored in the gel

Eelgel α; xð Þ ¼ 1
2
P2 α; xð Þ
Kgel

V0 αð Þ

¼ 2π
3

ρδR3
p

Kgel
1− 1−αð Þ3
h i

P2 α; xð Þ:

ð13Þ

Elastic energy stored in the aggregate

Eela α; xð Þ ¼ 2πR3
p 1−αð Þ3 þ 1−ρð Þ 1− 1−αð Þ3

h ih i1−2νa

Ea
P2 α; xð Þ:

ð14Þ

Elastic energy stored in the cement paste.
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For the cement paste matrix, no closed form expression is available.
We use the same approach as for the volume variation of the cavity in
cracked cement paste. We are interested in the elastic energy stored
in the cement paste under pressure P. It shall depend on P, Rp, x, and
(Ec, νc). Dimensional analysis leads towrite the elastic energy in the fol-

lowing form: Eelc ¼ R3
p

Pa

Ea−1
c

g x;νcð Þ where a∈ℝ and the function g is

dimensionless. Then due to the linearity of the problem, the deforma-
tion and stress tensors are proportional to the loading pressure P. The
elastic energy, which is the integration of the contraction of those ten-
sors over the full domain is finally proportional to P2, that is a=2. Final-
ly we write it in the following manner:

Eelc α; xð Þ ¼ 2πR3
p
P2 α; xð Þ

Ec
e xð Þ: ð15Þ

Where 2πe(x) represents the stored elastic energy under unit
pressure, unit cavity radius, and a unit Young's modulus of the mate-
rial. Again, the dependence on νc is not written explicitly. We also
have the analytical expression of this quantity when there is no crack:

e 0ð Þ ¼ 1þ νc

2
: ð16Þ

And the numerical values of this function for x>0 are determined
using FEA (Fig. 3). At the same time the numerical values for Δν(x)
are known due to the equality of the stored elastic energy and work
of the pressure:

Eelc α; xð Þ ¼ 1
2
P α; xð ÞΔVc α; xð Þ: ð17Þ

Hence,

Δv xð Þ ¼ 3e xð Þ: ð18Þ

We see on this curve that there is a horizontal tangent in x=0:
∂e xð Þ
∂x xð Þ→x→0 0.
0 0.5 1 1.5 2 2.5 3
0
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30

e 
(x

)[
-]

1 + νc

2

x [-]

Fig. 3. FE estimate of the stored elastic energy.
Total elastic energy in the cracked configuration

Eeltotal x;αð Þ ¼ 2πR3
p

"
δρ 1− 1−αð Þ3
� �

3Kgel
þ e xð Þ

þ 1−αð Þ3 þ 1−ρð Þ 1− 1−αð Þ3
� �h i1−2νa

Ea
�
#
P2 α; xð Þ:

ð19Þ

5. Thermodynamical study of the possible instantaneous initiation
of a crack of finite length. Crack propagation. Energy criterion

5.1. Energy balance

The creation of the crack requires a certain amount of energy that
is supplied by the release of elastic energy. This released energy is
simply written:

ERel α; xð Þ ¼ Eeltotal α;0ð Þ−Eeltotal α; xð Þ: ð20Þ

Using Eq. (19), we can see that the released energy ERel(α, x) is
proportional to Rp

3, that is ERel(α,x)=πRp3eRel(α,x) where eRel(α, x) is
independent of Rp.

eRel α; xð Þ ¼ 2

"
P2 α;0ð Þ−P2 α; xð Þ
� � δρ 1− 1−αð Þ3

� �
3Kgel

þ
1−αð Þ3 þ 1−ρð Þ 1− 1−αð Þ3

� �h i
1−2νað Þ

Ea

!

þ 1þ νc

2
P2 α;0ð Þ−e xð ÞP2 α; xð Þ

�:

ð21Þ

Assuming that the energy required to create a crack Ediss(x) is pro-
portional to the crack surface, we realise it is proportional to Rp

2, so it
can be written as Ediss(x)=πRp2ediss(x) where ediss(x) is independent
on Rp and writes:

ediss xð Þ ¼ Gc 1þ xð Þ2−1
h i

: ð22Þ

For the creation of a crack to be possible at the degree of attack α,
it is necessary that:

∃ x∈ �0;þ∞ ; ERel α; xð Þ≥ Ediss xð Þ:
h

ð23Þ
x [−]

E diss (x)

E rel (α, x)E el
total (α, 0)

α

xc

Fig. 4. Dissipated and released energies when a crack of length x is created.
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Fig. 5. Dissipated and released energies rates when a crack of length x is created.
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We consider this necessary condition as sufficient and therefore,
we use the equality of released energy and dissipated energy as a
crack initiation criterion. Now that we know how to obtain the ex-
pressions for all the energies needed, let us discuss the shape of
these curves to understand better the conditions for cracking
(Figs. 4 and 5). The analytical expression of Ediss is known
(Eq. (22)). ERel(x) has the following limits at constant α:

• ERel α; xð Þ→x→0 0 because if no crack appears at constant α, there is
no energy release.

• ∂ERel
∂x α; xð Þ→x→0 0 because it is proportional to ∂e xð Þ

∂x xð Þ (see Eqs. (21),
(18), (11), and (12)) which has a horizontal asymptote in x=0 (see
Fig. 3).

• ERel α; xð Þ→x→þ∞ Eeltotal α;0ð Þ and ∂ERel
∂x α; xð Þ→x→þ∞ 0 because the

stored elastic energy in a configuration with a crack of infinite size
is zero.

At constant x, ERel increases with increasing α. We display the
shape of ERel(x) for different values of α (see Fig. 4).

Let us explain the initiation of a crack:

• Originally, α=0 so ERel=0.
• The attack begins, so α starts increasing. Hence, Etotalel (α,0)>0 and ERel

(α,x)>0. However, since dEdiss
dx x ¼ 0ð Þ > 0 while ∂ERel

∂x α; x ¼ 0ð Þ ¼ 0, at

the beginning of attack we have ∀x,ERel(α,x)bEdiss(x).
• From now on, since we decided to use an energy criterion for crack
initiation, a crack of length xc will be created as soon as we reach a
critical degree of attack α such as:

∃x ERel α; xð Þ ¼ Ediss xð Þ:
��� ð24Þ

Since α≤1, this may never happen. In this case even at full attack,
no crack will be created. We discuss this in Section 5.2. Moreover,
since the loading increases continuously, the first attack degree lead-
ing to the creation of a crack of length xc is also characterized by the
fact that ERel and Ediss are tangent at this point, that is for a given ini-
tial aggregate radius Rp, the solution (αc(Rp), xc(Rp)) is fully character-
ized by:

ERel αc Rp

� �
; xc Rp

� �� �
¼ Ediss xc Rp

� �� �
∂ERel

∂x αc Rp

� �
; xc Rp

� �� �
¼ dEdiss

dx
xc Rp

� �� � :
8><
>: ð25Þ

These two conditions translate in terms of energy rates by the
equality of the two grey surfaces on Fig. 5.
• Once the crack has been initiated, it is important to study how it
evolves, since the final goal is to mix different sizes of aggregates
which will crack their surrounding cement paste at different
times.We assume that the existing crack doesn't modify the spherical
symmetry of the attack of the grain. Therefore, this attack is still fully
described by the parameter α. Starting from (αc, xc), the propagation
of the crack when α further increases is governed by the energy rate

equation ∂ERel
∂x α; xð Þ ¼ dEdiss

dx xð Þ. Since l2ERel

∂x2 α; xð Þb0 and d2Ediss

dx2 xcð Þ > 0

around the current point (α, x) (see Fig. 5), and∂ERel
∂x α; xð Þ is continuous

in α, x evolves continuously with αwhen the latter further increases.
Hence, the propagation is stable.

5.2. Smallest aggregate radius that can lead to the failure of the cement
paste

All other parameters fixed (Kgel, δ, lc, P0, ρ, (Ec, νc), (Ea, νa)), since
Ediss(x)=πRp2ediss(x) and ERel(α,x)=πRp3eRel(α,x) (where ediss and
eRel are independent of Rp), and at given attack degree α, the aggre-
gates sizes for which cracking is possible are such as ∃x|Ediss

(x)≤ERel(α,x), or equivalently ∃x ediss xð Þ
eRel α;xð Þ≤Rp

��� . Therefore, at given α the

smallest aggregate size for which cracking is possible is:

Rp ¼ xinf
ediss xð Þ
eRel α; xð Þ ¼ xinfQ α; xð Þ: ð26Þ

Therefore, there exists an aggregate radius Rinf below which crack-
ing is impossible whichmeans that the pressure created by the full at-
tack of the aggregate is not high enough to crack the cement paste
matrix. Below this radius Rinf,

∀x; ERel 1; xð Þ≤ Ediss xð Þ: ð27Þ

Hence the smallest radius for which the cement paste will be
cracked before full attack depends on Gc

Ec
, Ec
Kgel

, νc, δ, lc, P0, ρ, EcEa, and νa.

We can plot the ratio Q 1; xð Þ ¼ ediss xð Þ
eRel 1;xð Þ which is used to determine

Rinf (Fig. 6), in the simplifying case where ρ=1, lc=0 (in this case
P0 has no influence). We also obtain the corresponding relative
crack size xinf (which is not the smallest possible crack size, but the
crack size corresponding to Rinf). We take Ec=20 GPa, Eg=60 GPa,
νc=νg=0.25, Gc=40 J.m−2, Kgel=1 GPa, and δ=1.03. The Poisson's
ratios and Young's modulus are classical for cement paste and aggre-
gates, the fracture energy is taken from Wittmann [29], and the two
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last parameters are chosen arbitrarily, since they are not well-known,
which will be discussed later on.

Now, starting from the knowledge of the volume fraction of each
aggregate size at the macroscopic level and that of the pressure and
the crack size for each aggregate size at the microscopic level, we
need to define a macroscopic deformation.

6. Study of the macroscopic deformation

First we consider one aggregate in infinite cement paste and a do-
main Ω including the aggregate. Its current state is described by the
couple (x, P(α, x)). Let us consider U ¼ ∫∂Ω u⊗nð ÞsdS where u is the
displacement field, n the outward normal to Ω, ∂Ω is the domains
border, and s is used to take the symmetrical part of the tensor. The
Takana–Mori's theorem [28] states that if Ω is a sphere, U does not
depend on its size and position as long as it includes the cavity. Sup-
pose there is only one aggregate size Rp representing a volume frac-
tion f throughout the concrete. Then the sphere Ω has to be chosen

such that f ¼
4
3πR

3
p

Ωj j to make sure that the volume fraction of the aggre-

gate in the domain used to compute the average deformation due to
the attack is equal to the volume fraction in the concrete considered.

Finally we define the macroscopic deformation as E ¼ 1
Ωj j U ¼ f

4
3πR

3
p
U .

Then, we need to take into account the aggregate size distribution.
To each aggregate size Rp,i corresponds a volume fraction fi in the con-
crete. Each aggregate class contributes to the macroscopic deforma-
tion through a partial average deformation defined as:

E
i
¼ f i

4
3 πR

3
p;i

U
i

ð28Þ

whereU
i
is computed relatively to the aggregate of size Rp,i, a crack of

size xi, and a pressure Pi=P(αi, xi). The macroscopic deformation is
then defined as:

E ¼ ∑
aggregate

size i

E
i
: ð29Þ

A corollary of Takana-Mori's theorem [28] for which we will give
our own proof in a later paper relates the volumetric part of U

i
to

the dimensionless stored elastic energy in the cement paste
surrounding the considered aggregate (defined in Eq. (15)) through
the expression:

trU
i
¼ R3

p;iP αi; xið Þ
Ec

4π
3

1þ νc

1−νc
1−2νc þ e xið Þ½ �: ð30Þ

Eq. (30) finally gives us access to the macroscopic volumetric de-
formation:

E ¼ ∑
aggregate

size i

f i
P αi; xið Þ

Ec

1þ νc

1−νc
1−2νc þ e xið Þ½ �: ð31Þ

7. Numerical results: effect of aggregate size on crack initiation
and volume changes

In this section, we strictly study the behaviour of the fracture
model. To focus on this part of our work, we set lc=0 and ρ=1. As
soon as the gel is created, a significant pressure build-up is observed.
We want to apply our model to see if it allows explanation of the ex-
pansions observed in ASR. To do so, we need some reliable values of
the different parameters involved. Recalling that xinf depends on Ec

Kgel
,

νc, δ, Ec
Ea
, νa and Rinf depends on theses quantities plus Gc

Ec
, we are
going to study the influence of the aggregate radius Rp, the ratio of
gel to aggregate volume δ and the gel compressibility Kgel on first
cracking and crack length at full attack. The other parameters which
vary less or are easier to determine for a given concrete will be set
to the values of Ec=20 GPa, Eg=60 GPa, νc=νg=0.25,
Gc=40 J.m−2.

7.1. Study of the first and final cracking

7.1.1. Smallest aggregate size that can lead to the fracture of the cement
paste: Rinf

Let us first study how Rinf varies when changing δ and Kgel. It is im-
portant to study this behaviour because the swelling of the gel and its
compressibility are not well known. In 2005, Phair claimed to publish
the first measurements of ASR gel bulk modulus [19]. The measured
values are of the order of 10 GPa. His experimental set-up seems to
measure the undrained bulk modulus of the gel. The gel is porous,
so its drained modulus might be very different, and it seems that
since gel creation is very slow, water movements have time to occur
during the pressure build-up. However the instant of cracking might
be very short. Hence, it is possible that the effective bulk modulus
of the gel during cracking is closer to high values such as reported
by Phair. Moreover, the different sorts of gel that are produced in
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different chemical environments might also have very different and
time-dependant values of these parameters as observed on the stor-
age and loss moduli of synthetic alkaline-calcium silica gels by Gabor-
iaud [9]. Since the swelling of the gel is often explained by water
absorption, they might also differ significantly according to the satu-
ration degree of the concrete. Hence, in a predictive model, they
would probably have to be determined by an optimization procedure.

We can see on Fig. 7 (which is build using Eq. (26) for various
values of Kgel and δ) that increasing the coefficient of expansion δ or
the compressibility Kgel decreases the radius of the smallest aggregate
that leads to fracture initiation. When δ→1, cracking becomes impos-
sible, as well as when the gel is too soft (Kgel→0).

7.1.2. First and final crack sizes varying Rp, Kgel, and δ
These three parameters are very important to correctly determine

the crack initiation and propagation around an aggregate as can be
seen on Figs. 8–10 where we represent the first (xc) and final (xmax)
crack size when changing these parameters. The final crack size xmax

is defined as the crack size x at full attack of the aggregate α=1.
The two unchanged parameters (out of 3) in each case have the
values Kgel=1 GPa, δ=1.03 and Rp=1.5 mm.

A similar behaviour observed varying Rp, Kgel, or δ (Figs. 8–10): for
small values, cracking is impossible even at full attack (α=1) then,
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Fig. 10. Relative initial (xc) and final (xmax) relative crack size as a function of the ratio
of gel volume to aggregate volume. Kgel=1 GPa and Rp=1.5 mm.
cracking becomes possible. The initial crack size (xc as defined by
Eq. (25)) further decreases, and the final crack size (xmax) increases
when increasing δ, Kgel or Rp.
7.1.3. Degree of attack corresponding to crack initiation when varying
the aggregate radius

Based on the energy criterion explained above (Section 5), we de-
termine the degree of attack that leads to the initiation of a crack.

First, we see that the degree of attack at crack initiation decreases
with increasing aggregate size (Fig. 11). The pressure at first cracking
decreases with increasing aggregate size, as well as the pressure jump
(Fig. 12). The order of magnitude of the pressure reached seems to be
correct, thinking that Struble [26] has shown that synthetic gels can
develop pressures of the order of 10 MPa, which is also the pressure
chosen by Shin in his image-based FEA of alkali–silica reaction [24].

It is interesting to study the value of αRp at first cracking for each
aggregate size, since later in the article we assume that when various
sizes of aggregates are attacked simultaneously, the attack depth is
the same for all (Fig. 13). In this case, a crack initiates around aggre-
gates of intermediate size first, here around 3.6 mm. We study as
well the first cracking and final values of the absolute crack size xRp.
Very interestingly, once cracking has occurred, the absolute crack
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size is approximately affine with respect to the initial aggregate radi-
us Rp (Fig. 14).
7.2. Study of the complete evolution of the crack. Influence of an initial
flaw

Once the crack is initiated, we can follow its evolution when de-
gree of attack increases further. We still are in the approximation of
a spherical attack, even if the presence of the crack increasingly
leads this assumption to become wrong. In this article we mostly
study the situation where there is no initial flaw (all crack sizes are
initially zero), but we will show in this section a few evolutions of
cracks with non-zero initial size.

For one aggregate size, here Rp=1.5 mm, we try different initial
relative crack sizes, ranging from zero to the aggregate size. We rep-
resent the crack size x, the pressure P and the volumetric deformation
trE as functions of α, the relative attack depth. We consider 10 differ-
ent cases: initial flaws ranging from x=0 (blue dotted line) to x=1.

We see the existence of a critical flaw size above which no jump in
crack size occurs any more (Fig. 15), here approximately x=0.4.
Other simulations showed that this critical flaw size depends on the
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Fig. 14. Absolute crack size at first cracking and at full attack of the aggregate. Kgel=1 GPa
and δ=1.03.
aggregate size. The smaller the flaw, the bigger the pressure has to
be to propagate a crack (Fig. 16). If cracking occurs, expansion is ulti-
mately the same, but a significantly different behaviour is observed at
the beginning (Fig. 17). At early times, expansion is roughly doubled
if a large flaw is considered, compared to the case with no initial
crack. This effect seems very important here, when we only have
one aggregate size involved. In the next section, we discuss the
same question with a full aggregate size distribution.
8. Numerical results: application to a given aggregate size distribution

8.1. Discussion about the existence of an original flaw

Still focusing on cracking alone (ρ=1, lc=0), we plot the compar-
ative evolution of the different aggregate sizes of a typical 0–4 mm
Seine sand. Again we use the values Kgel=1 GPa (around half that
of water) and δ=1.03. We compare the case with no initial flaw to
the case where around each aggregate exists an original flaw of size
x=0.5 (chosen arbitrarily). See the cumulative volume fraction of
this sand (Fig. 18). For these material properties, Rinf=0.93 mm, so
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Fig. 16. Pressure P(α) (initial flaws ranging from x=0 (dotted line) to x=1). Kgel=
1 GPa, δ=1.03, and Rp=1.5 mm.
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some aggregates shall not induce cement paste cracking during this
experiment.

We plot the evolution of the crack size (Fig. 19) and the pressure
(Fig. 20) for 5 aggregate sizes out of the 140 computed, and volumet-
ric deformation (Fig. 21) for this Seine sand as functions of the attack
degree α. The curves corresponding to the case with an original flaw
are the dashed curves.

When small aggregates are fully attacked and there was no origi-
nal flaw, the pressure reaches the high value of 27 MPa without frac-
ture of the cement paste. The maximum pressure is slightly lower
with initial flaws. Successive cracking leads to the irregularity of the
expansion curve (Fig. 21) which is artificial due to aggregate size
discretization.

Finally, we see that the results are not too different. The expansion
is slightly higher with initial flaws, because some aggregates were
able to propagate an existing crack but were not able to create one
from scratch. This is a good thing because it allows us to consider
that there is no original flaw and hence to avoid the discussion
about the size that should be given to this original flaw. This conclu-
sion contrasts with the approach of Reinhardt in [22] where the orig-
inal flaw size controls the fracture behaviour of aggregates submitted
to ASR. Expansion is the fastest at the beginning of the attack. It pro-
gressively slows down.
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8.2. Comparison with experimental ASR results

8.2.1. Experimental results used
We must keep in mind that usual ASR expansion curves have a

sigmoid shape characterized by a latency time, a characteristic time
and an asymptotic expansion value [13]. We can wonder if our
model can reproduce experimental results by identification of some
of its parameters. We have chosen experimental data from Multon's
article [18]. In this article the author presents a microscopic model
and a set of swelling experiments of mortar bars containing different
sizes of reactive sand. His model accounts for the diffusion of alkali in
the aggregates whereas ours doesn't. He considers that no pressure is
required to fill the ITZ with gel. The pressure build-up that occurs
when the ITZ is full of gel leads to damage of the cement paste.

His mortars contain three aggregate size ranges:

• small: 80–160 μm, 30% mass of the aggregates.
• medium: 315–630 μm, 40% mass of the aggregates.
• large: 1250–3150 μm, 30% mass of the aggregates.

The reactive phase is siliceous limestone and is in the small or
large size range in different proportions. In small aggregates, the reac-
tive proportion of the aggregate is 9.4% mass. In the large ones, this
proportion is 12.4%. Hence for small aggregates we have ρ=9.4, for
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initial crack lengths: x=0 (solid curves) and x=0.5 (dashed curves).
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large aggregates ρ=12.4. We don't consider the experiments with
mixed proportions of reactive aggregates, because ourmodel is intrinsi-
cally unable to reproduce the couplings between different aggregate
sizes. With our model, the expansion of a mix of two aggregate size is
exactly the weighted average of the expansions of the two sizes alone,
but his experiments show a more complex behaviour.

The total sand content is 1613.4 kg/m3, the cement content
537.3 kg/m3, the water to cement ration 0.5, and the adjusted (by
adding NaOH in the mix) alkali content is 6.2 kg/m3 in the first set
of experiments, 13.4 kg/m3 in the second one.

In the 2 samples chosen for identification, first all the small fraction
of aggregates is reactive, then all the large aggregates are reactive.

8.2.2. Attack kinetics
We have two choices to explain the end of expansion: scarcity of

reactive phase in the aggregates, or scarcity of chemical products to
attack the aggregates. The experimental results show a very impor-
tant role of the quantity of alkali since the expansion is much faster
and reaches greater asymptotic values with a greater initial alkali
content. However since we don't model the chemical part of the reac-
tion, we are not able to predict the slowing down of the reaction due
to lack of alkali hydroxides.

Concerning the attack kinetics, following Bažant [2], we assume that
at a given time, the attack depth is the same for all aggregate sizes.

α Rp; t
� �

¼ r tð Þ
Rp

: ð32Þ

Then we need a simple assumption to determine the shape of r(t).
Assuming that the invasion of the aggregate by the interstitial solu-
tion is driven by diffusion, we choose the attack depth common to
all aggregates to be proportional to the square root of time (also fol-
lowing Multon [16] on this point):

r tð Þ ¼ f r
ffiffi
t

p
ð33Þ

8.2.3. Optimization
We then perform a least square optimization procedure over 5

parameters:

• the bulk modulus Kgel of the gel, which is unknown and might de-
pend on gel composition.
• the expansion coefficient δ of the gel, which is also unknown and
might depend on gel composition.

• the thickness of the expansion reservoir taking the ITZ into account
lc which shall not depend on the type of gel.

• the pressure P0 at which the ITZ is considered to be full, which is a
mixed property of the ITZ and the gel.

• the coefficient fr, which represents the speed of the attack. It might
change when the alkali concentration changes, but not with aggre-
gate size.

Therefore, we first identify 5 parameters using the two expansion
curves at 6.2 kg/m3: fr6.2, Kgel

6.2, δ6.2, P0, and lc. Then we fix the two last
parameters P0 and lc, and identify the 3 remaining unknowns: fr13.4,
Kgel
13.4, δ13.4.
The fits (see Figs. 22 and 23) are obtained with the following

values of the parameters: fr
6.2=0.66max(Rp), Kgel

6.2=70 MPa,
δ6.2=1.4, P0=2.7 MPa, lc=0.42 μm, fr

13.4=0.4max(Rp), Kgel
13.4=

183 MPa, and δ13.4=1.7. The expansion curves related to the greater
alkali content (Fig. 23) is less good, probably because it was per-
formed second, using values of P0 and lc identified on the two other
curves.

More physics is needed. The greater quantity of alkali leads to a
higher expansion. Since we don't model the alkali, the increase in as-
ymptotic expansion is obtained by an increase of Kgel and δ. Moreover,
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since no experiments are available concerning the swelling and elas-
tic properties of gels formed at different alkali content, we don't know
if the large variations of Kgel and δ keep with the physics of real gels.
Some experiments are in progress concerning their stiffness. We
hope to be able to comment the values identified here in a further ar-
ticle. To limit initial expansion, fr (which is expressed relatively to the
greatest aggregate size) is lead to decrease, but the initial expansion is
still overestimated.

With both alkali contents, no crack appears around the smallest
fraction of aggregates. For the large aggregates, it reaches sizes as
large as x=4, which is a few millimetres depending on the aggregate
size.

8.2.4. Pessimum size behaviour
Pessimum effects are systematically observed with ASR. Both the

aggregate total volume fraction and size distribution play an impor-
tant role. Many existing models can predict part of these pessimum
effects. Concerning our model:

• The pessimum concentration effect, according to which there is an
aggregate volume fraction that leads to maximum expansion can-
not be reproduced since the volume fraction of aggregates only
plays a role in a summation, there is no notion of chemistry pres-
ently in our model, so no risk of scarcity of reactants to attack the
aggregate or produce the gel. Even assuming for example that
only a certain volume of aggregate can react and testing different
total volume fraction, we obtain no total concentration pessimum
effect.

• A transitory pessimum size effect is observed with our model. We
study this effect on a granulometry ranging from 0 to 5 mm (no im-
portant pessimum size effect can be expected if all aggregate sizes
are over Rinf, since the effect of earlier cracking of middle-sized ag-
gregates is very short-lasting). We still are in the assumption that
the attack depth is the same over all aggregate sizes at a given
time. Here, we have a transitory pessimum effect related to the
fact that at a given experiment time (that is in our model at a
given attack depth), different aggregate sizes lead to different ex-
pansions (at identical volume fraction) (Fig. 24). Starting from the
bottom, each curve correspond to a given attack time. The black
solid curve represents full attack while other curves (from bottom
to top) are spaced by increments of 5% relatively to this final time.

As we can see, the pessimum size is roughly around 2 mm and
varies during the experiment. Reaching greater attack times, no
more pessimum size exists: bigger aggregates are responsible for
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Fig. 24. Pessimum size effect: expansion due to a given aggregate size at unit volume
fraction. Kgel=70 MPa, δ=1.4, P0=2.7 MPa, lc=0.42 μm, and Rp∈[0 mm; 5 mm].
Each curve represent a given instant by 5% time increments relatively to final time
(solid curve).
bigger expansion, at equal volume fraction. Notice the resemblance
of our description of the pessimum size effect to Multon's [16]. The
main difference is that in our model, the smallest aggregates lead to
non-zero expansion since some pressure is required to fill the ITZ.
Therefore even if the cement paste is uncracked, we predict some
expansion.
9. Conclusion

A model for Alkali-reaction was proposed. It is a strictly mechani-
cal model, partly inspired by that of Bažant [2] and [18]. Aggregates
are supposed to behave as if they were embedded in an infinite ce-
ment paste. The chemical attack is modelled by progressively repla-
cing the aggregate by a less dense gel. The subsequent pressure
increase leads to cracking of the surrounding cement paste. The initi-
ation and propagation of the crack are governed by energy balance
only.

An interesting behaviour is observed. Aggregates of different sizes
have a different impact on the overall expansion. First of all, even fully
attacked, smaller aggregates are shown not to lead to any cracking of
the cement paste. The pressure reached for these aggregates is impor-
tant, but according to our energy criterion the cement paste can take
such pressures when there is no (or a very small) initial crack, be-
cause the elastic energy stored in the cement paste around a small ag-
gregate is not sufficient to provide the energy needed to create a
crack.

The model is then used to discuss the importance of the initial
flaw considered. We show that even if the presence and the size of
an initial flaw is important for the expansion due to a single aggregate
size, after summation of different sizes, the effect is not enormous.
This conclusion is linked to the fact that we only considered an ener-
getic fracture criterion.

Finally we apply the model to try to reproduce the expansion
obtained by Multon [18] and identify the parameters introduced. No
attempt was made to predict other expansion curves using the iden-
tified parameters because we are aware that some physics still lacks
for the model to be predictive.
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