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In this paper, the effect of rigid straight fibers on the yield stress of cementitious materials is studied. A
simple model describing the contact network between rigid fibers inside the material is first derived from
the physical phenomena involved in the case of spherical inclusions. As soon as this contact network
becomes percolated, the yield stress of the mixture increases by several orders of magnitude. A prediction of
the critical fiber amount leading to a very strong increase of the yield stress of any cement paste, mortar or
concrete is then derived. A simple and helpful mix design criterion for Ultra High Performance Fiber
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1. Introduction

Fibers in cementitious materials have a very positive influence on
the mechanical properties of the material in its hardened state
(tensile strength and ductility [1–5]). This influence strongly depends
on the aspect ratio r of the fiber, namely the ratio between the length l
and the diameter d of the fiber and on the concentration of fibers.
Most results in literature show that mechanical performances of the
material increase with both the aspect ratio and the concentration of
the fibers. This topic has been the subject of numerous papers focusing
on the physical and mechanical phenomena involved in the cracking
and pulling out of fibers in a cementitious matrix according to their
shape, volume fraction and orientation [6–16].

The literature in the case of fresh properties of cementitious
materials containing fibers is not as abundant, but it has been shown
that addition of fibers decreases the workability of the material. This
effect increases with the volume fraction and aspect ratio of the fibers
[2,4,5,17]. Hughes and Fattuhi [17] observed that, although slump is
not always a suitable test to measure the fluidity of a fiber reinforced
material [18], it decreases when the product r

ffiffiffiffiffi
ϕf

p
increases, with ϕf

the fiber volume fraction. Other researchers [2–4,19–22] observed in a
similar way that slump decreases when the product rϕf defined as the
fiber factor, increases. Grünewald and Walraven [3], Bui et al. [23],
Ding et al. [24], Ferrrara et al. [25] and Banfill et al. [26] measured,
instead of a decrease of the slump or slump flow, an increase of the
yield stress of the material using concrete rheometers. This result was
expected knowing the correlation existing between slump (or slump
flow) and yield stress [27–29].
Swamy and Mangat [30] showed the existence of a critical
concentrationoffibers abovewhich theconcrete couldnotflowanymore,
even when the fibers were added to very fluid concretes such as Self
Compacting Concretes. Above this concentration, it was observed that
fibers tend to form clumps or balls. Keeping in mind that the mechanical
properties in the hardened state increase with the fiber amount, this
critical concentration is therefore defined by many authors as an
optimum content of fiber in the literature. This represents a compromise
between mechanical properties in the hardened state and fluidity in the
fresh state. Most results tend to indicate that this critical volume fraction
decreases with increases in the coarse particle volume fraction in the
mixture. It also decreases when the aspect ratio of the fibers increases
[17,26]. The values of the fiber factor, rϕf when this critical concentration
is reached cited in the literature are between 0.2 and 2 depending on the
other components in the materials tested [2,26,31,32].

Contrary to spherical rigid inclusions, in the case of rigid fibers, the
flow can induce a preferred orientation of the fibers which modifies
the material fresh properties and, after setting, strongly influences the
mechanical properties of the resulting fiber-reinforced composite
[8,31–34]. However, in this paper, we will use results obtained either
from tests, inwhich the flowwas too short for this orientation to affect
the behavior of the material or from tests, in which there was no
steady streamlines allowing for this orientation to appear. We will
therefore focus here on the isotropic rheological behavior of fresh
fiber reinforced cementitious materials.

It was shown in [6] that workability could be generally considered
as independent of the fiber type but that crimped fibers could lead to
slightly lower workability. We will not deal here with the effect of
specific shapes on the rheological properties of the fresh material.

In this paper, we first derive from the physical phenomena involved
in the formation of a contact network between simple spherical
inclusions a simple model describing the contact network between
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rigid fibers inside thematerial.We then propose a criterion allowing for
the distinction between rigid and flexible fibers. We show that a
predictionof the criticalfiber amount leading to a very strong increase of
the yield stress of a cement paste, mortar or concrete can be derived
from the proposed approach. A mix design criterion is finally proposed
and applied to several mix proportions from the literature.

2. Influence of the addition of rigid inclusions on the yield stress
of concrete

Concrete components range frommicrometer sized cementparticles
to centimeter sized aggregate particles and, in the study of the relation
betweenmix design and rheological properties, multi-scale approaches
seem very promising [35–37]. The simplest multi-scale approach only
involves two scales and it is therefore often considered that concrete is a
suspension of aggregate particles (sand and gravel) in a suspending
fluid (cement paste). It can then be expected, as a first approximation,
that, as formanysuspensions innature or industry, theyield stress of the
suspension (i.e. the concrete) is proportional to the yield stress of its
suspending fluid (i.e. the constitutive cement paste).

This statement can be extrapolated from general relations similar
to the Krieger–Dougherty relation for apparent viscosity [38–40],
which relate the rheological properties of the suspending fluid and the
volume fraction ϕ of the particles to the rheological properties of the
mixture. The general form of these relations is:

τconc0 ≈τcp0 f ðϕ =ϕmÞ ð1Þ

where τ0conc and τ0cp are respectively the yield stress of the concrete
and of the cement paste. ϕm is the dense packing volume fraction (Cf.
Fig. 1(c)). We will make here a distinction between the dense packing
volume fraction ϕm and the maximum packing fraction ϕM, which can
only be reached by bringing to the system an infinite amount of
energy. In the case of spheres for example, the dense packing fraction
ϕm is around 0.64 (see Fig. 1(c)) whereas the maximum packing
fraction ϕM is equal to 0.74.

It must not be forgotten that phenomenological relations such as
Eq. (1) (whether dealing with yield stress or viscosity) have been
historically established for semi-dilute systems and therefore purely
hydrodynamic interactions between the suspending fluid and the
particles [38] and, although they are able, from an experimental point
of view, to describe the divergence of the viscosity close to the dense
packing fraction, they should, from a theoretical point of view, apply
only for moderate volume fraction of inclusions.

It is of great interest to study the relative yield stress of the
concrete (i.e. the ratio between the yield stress of the concrete and the
yield stress of the cement paste) as it allows theoretically to focus on
Fig. 1. Packing regimes in the case of spherical rigid inclusions. (a) Se
the effect of the granular inclusion content (i.e. f(ϕ/ϕm)) indepen-
dently of the cement paste mix design. The study of the variations of
the relative yield stress is therefore the study of the rigid inclusion
interactions.When rigid particles such as sand and gravel particles are
mixed in a fluid such as cement paste, the type of particle/particle or
fluid/particle interactions may vary according to the packing of the
particles in the system.

At lowvolume fractions, the systemcanbe considered as semi-dilute
(Fig. 1(a)) and the particle interactions are hydrodynamic: the motion
of particles such as sand grains or gravel in a cement paste implies some
flowor deformation of the cement paste, which itself can affect the flow
velocities or displacement of other particles. If the concrete is flowing,
some analogous effect occurs that induces additional energy dissipa-
tions so that the apparent viscosity of the cement paste plus the grains is
greater than that of the cement paste alone. Thus the apparent viscosity
of a concrete increases with the volume fraction of inclusions. It can be
noted here that, in the case of the asymptotic case of an ideal dilute
system, there would not be any interactions between the particles at all
through hydrodynamic effects, the particles being far enough one from
one another to stay undisturbed by the relative motions of other
particles. Most relations described above linking the properties of the
mixture to the properties of the suspending fluid are only valid in the
dilute and semi-dilute regimes.

At higher volume fractions, direct contacts may occur between
aggregate particles. The predominance of contacts in the physical
behavior necessarily results from the existence of a considerable
amount of contacts throughout the suspension, so that we conclude
that this situation can be associatedwith the existence of a continuous
network of particles in contact (Fig. 1(b)). Since this phenomenon is
associatedwith a percolation process, it occurswhen the solid fraction
is larger than a critical one (ϕc), called random loose packing. Current
knowledge in this field does not make it possible to predict
theoretically the value of ϕc in the case of spherical rigid particles.
However, experimental and numerical results indicate that, for
uniform spheres (ϕm=0.64), ϕc should be around 0.5 [41]. However,
ϕc should increase in the case of poly-disperse particles such as sand
or gravel as the average distance between particle scales with
ðϕ=ϕmÞ−1=3 (which is expected to correlate to the average number
of contacts between particles) and therefore increases when ϕm

increases. It may thus be of interest to deal with the value of the
relative solid volume fraction (ϕ/ϕm) that can be compared to the
critical value deduced from the mono-sized sphere case ϕc/ϕm≅0.8
instead of dealing with the value of the volume fraction itself.

This simple concept was applied to experimental measurements of
the yield stress of widely varying concretes in [37]. It was shown that
it is indeed around the transition value ϕc/ϕm≅0.8 that a variation of
several orders of magnitude of the yield stress of the tested concretes
mi-dilute regime; (b) random loose packing; (c) dense packing.



Fig. 2. Apparent volumes occupied by identical mass of fibers in random packing for
various fibers aspect ratio.
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occurs. This means that, below this transition value (i.e. below the
random loose packing fraction), more or less direct contacts between
the inclusions in this semi-dilute system can be neglected. This
domain is the one where Self Compacting Concretes (SCC) may be
mix-designed. It is moreover possible in this domain to predict the
yield stress of the mixture using simple relation such as the one
proposed in [40]. Inversely, above this transition value (i.e. above the
Random Loose Packing), direct frictional contacts between particles
start to dominate the rheological behavior of this dense system. Their
highly dissipative nature strongly increases the yield stress of the
concrete, turning any concrete into an Ordinary Rheology Concrete
(ORC). In this regime, the behavior of the concrete does not depend
much on the behavior of the cement paste but mainly on the volume
fraction and on the dense packing fraction of the granular skeleton.

It has to be noted that the drastic reduction in the contribution of
direct contacts between rigidparticles around the transition cannot turn
alone any ORC into a SCC. Indeed, the fact that the granular content is
below the transition between semi-dilute and dense regimes only
guarantees that the contribution of the coarse aggregates to the yield
stress of themixture will be low. In order to obtain a fluid concrete, one
has to design afluid cementpaste. It has to bekept inmind that the yield
stress of concrete will never be lower than the yield stress of its cons-
titutive cement paste as adding aggregates to the mixture can only
concentrate the deformation and deformation rate in the cement paste
and therefore increase the capacity of the system to dissipate energy at a
given macroscopic shear strain or shear rate. It has also to be kept in
mind that, in the semi-dilute regime, the yield stress of the concrete is
more or less proportional to the yield stress of the cement paste (see
Eq. (1)). As a consequence, in order tomix design SCC, one has to ensure
that the aggregate volume fraction is lower that the transition value and,
moreover, that the yield stress of the cement paste is low (but sufficient
to ensure the stability of the coarsest particles [42]).

In the following, we will extrapolate the same simple concept to
cementitious materials containing fibers.

3. Distinction between rigid and flexible fibers

We will show in this paper that, as in the above case of rigid
(almost) spherical inclusions, the strong decrease in fluidity of fresh
composite cementitious materials find its origin in a direct contact
network between fibers occurring at a critical volume fraction of
fibers. This network can withstand an external load and therefore
increase the yield stress of the consideredmaterial only if it consists of
direct contacts between rigid bodies. It is therefore necessary to
establish a distinct boundary between rigid and flexible fibers.

Different typesoffibers areused in industry to reinforcecementitious
materials. Some of them such as polypropylene (PP) or organicfibers are
flexible whereas many rigid fibers, mostly steel fibers, are often used in
civil engineering. It is however rather delicate to distinguish between
rigid and non-rigid fibers. For example, although the Young modulus of
carbon is almost the same as the Young modulus of steel, most high
aspect ratio carbon fibers are not rigid because of their elongated shape.
Moreover, although a fiber seems rigid in air or water, it may not be
considered as rigid when sunk into a concentrated highly viscous
cementitious suspension. A suitable criterion enabling the distinction
between rigid and non rigid fibers should thus take into account the
Youngmodulus of the fibermaterial, the shape of the fiber itself and the
consistency of the cementitious material in which it is mixed.

We propose here to consider a fiber in a cementitious material as a
beam uniformly loaded and to estimate the ratio of the deflexion of
the fiber due to the fluid to the length of the fiber. This ratio should be
negligible in the case of a rigid fiber (e.g. lower than 1%).

We first assume that the uniform load (in N/m) to which the fiber
(i.e. the beam) is submitted is of order τ0d, where τ0 is the yield stress of
the cementitious material in which fibers are added and d is the
diameter of the fibers. The exact drag force exerted by the cementitious
material on thefiber couldof coursebe calculatedbut, as afirst approach
of the problem,we only consider here orders ofmagnitude. The order of
magnitude of the deflexion f of the fiber is therefore:

f≅ τ0dl
4

EI
ð2Þ

where E is the Young modulus of the fiber material and I is of order d4.
Finally, the ratio between the deflexion and the length of the fiber is of
order:

f
l
≅ τ0

E
r3 ð3Þ

As an example, this ratio is of order 0.03% in the case of standard steel
fibers (aspect ratio r=50, Young modulus =210,000 MPa) sunk into a
SCC (yield stress =50 Pa) whereas it is of order 66% when long carbon
fibers (aspect ratio r=500, Young modulus =190000 MPa) are sunk
into an ORC (yield stress=1000 Pa). It can therefore be concluded that,
although the Young modulus of carbon is of the same order as steel,
standard steel fibers in SCC can be considered as rigid whereas long
carbon fibers in Ordinary Rheology Concrete will be strongly deformed.

4. Random loose and dense packing of rigid fibers

The main difficulty when trying to apply the transition concept
described in Section 1 to rigid fibers lies in the determination of the
random loose packing or dense packing fractions of these specific
inclusions. Whereas dense and maximum packing fractions for
spheres are known and methods exist in the literature dealing with
cementitious materials allowing for the measurement or even the
prediction of dense and maximum packing fractions of mixtures of
coarse aggregates [43], it is not the case for rigid fibers. It can first be
noted that, as shown in Fig. 2, there is a strong variation in the
apparent volume occupied by a given mass of fibers with the aspect
ratio. Moreover, in the case of slender bodies, the difference between
the maximum packing fraction and the dense packing fraction can be
very high. It is indeed possible to imagine that, if an infinite amount of
energy is brought to the system, the fibers will reorganize from a
dense packing configuration similar to the one shown in Fig. 3(a) to
the extreme maximum packing configuration shown in Fig. 3(b), for
which the packing fraction reaches values higher than 80%.

We assess the random loose and dense packing fractions of fibers
by measuring the apparent volumes Ωbefore and Ωafter occupied by a
massM of fibers before and after vibration. The diameter and height of
the testing recipient are larger than 5 times the length of the tested



Fig. 3. Dense packing (a) and maximum packing (b) of rigid fibers.
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fibers. As these measurements (especially Ωbefore) strongly depend on
minute changes in the filling process, three measurements were
carried out for each type of fibers. We varied the vibration duration
and intensity but were not able to measure any effects on the
measured dense packing fraction as long as a vibration is applied. This
can probably be explained by the fact that the network formed by the
entangled fibers in dense packing is created very quickly and is very
strong. If the density of the fibers is ρf, the random loose and dense
packing fractions of the fibers ϕfc and ϕfm are then respectively
calculated as the average values of M/Ωbeforeρf and M/Ωafterρf.

Measurementswere carried out for aspect ratio between 17 and 100
and are shown in Fig. 4. Both random loose packing and dense packing
fractions rapidly decrease with increasing aspect ratio of the fibers and,
as expected, when the aspect ratio has low values, dense packing
fraction approaches 0.6, getting closer to the case of spherical inclusions.

Philipse [44] has shown that, in the case of high aspect ratio bodies
(aspect ratio far higher than 1), it is possible to describe the dense
packing fraction as:

ϕfm = αm = r ð4Þ

or, in the case of random loose packing, as:

ϕfc = αc = r ð5Þ

The values of αm and αc fitted using least squares method on our
results in the range of high aspect ratios 50–100 are respectively 4 and
3.2 (Cf. Fig. 4). It can be noted that αm is of the same order of
magnitude as the value of 5.4 theoretically expected by Philipse [44]
and that it is close to the value of order 4.5 which can be extrapolated
Fig. 4. Measured and predicted random loose packing and dense packing fractions as a
function of the aspect ratio in the high aspect ratio range.
from the experimental work of Nardin and Papirer [45]. It can
moreover be noted that, surprisingly, the ratio between random loose
packing and dense packing fractions ϕfc/ϕfm is almost constant no
matter the fiber aspect ratio in the studied range and is, as in the case
of spherical inclusions, of the order of 0.8. Finally, it can be noted that
Eqs. (4) and (5) cannot describe the results over the entire range of
aspect ratio. This could have been expected as they are established
assuming aspect ratio far higher than 1.

If the scaling described in the case of spherical inclusions in Section
1 is then applied here, this means that the behavior of a cementitious
material containing fibers should scale on ϕf/ϕfm and therefore on ϕfr/
αm. As αm does not depend on the fiber aspect ratio (at least for
sufficiently high aspect ratio), this means that the behavior of the
mixture should scale on ϕfr (the “fiber factor”). This is exactly what
was obtained by most authors in the literature as described in the
Introduction. It is thus not surprising that this factor is a very efficient
way to qualitatively predict the evolution of the fluidity of themixture
as it is a direct indication of the number of contacts between fibers in
the mixture and therefore of the strength of the fiber contact network
in the material. Moreover, as it is not possible to pack fibers in a given
mixture above the dense packing fraction ϕfm=αm/r, this means that
there should exist, as already described in the literature, a critical
value of ϕfr above which fibers should tend to form clumps or balls
and entrap air in the mixture. According to the results obtained here,
as long as the fibers are the only inclusions in the cement paste, this
critical value should be of the order of 4.

As a summary, as long as there are no inclusions other than fibers
in the mixture, we can expect that, for fibers with high aspect ratio,

– if the fiber volume fraction is far lower than ϕfc=3.2/r, the
influence of the fibers on the rheological behavior of the
cementitious material should be low (Cf. Fig. 5(a)). As soon as ϕf

gets close to ϕfc=3.2/r, the influence of the fibers on the
rheological behavior starts to dominate all other effects.

– for fiber volume fractions between ϕfc=3.2/r and ϕfm=4/r, the
behavior of the cementitious material is strongly dominated by the
contact network between the fibers (Cf. Fig. 5(b)). The material is
far stiffer than its constitutive cement paste.

– for fiber volume fractions higher than ϕfm=4/r, the material
should not be able to flow any more (Cf. Fig. 5(c)). Fibers should
form balls and air should be entrained in the mixture.

5. Cement paste and fibers: yield stress measurements

5.1. Materials and experimental methods

The yield stresses of the tested suspensions were measured using a
Haake viscotester VT550 and a Vane test procedure. The aspect ratio of



Fig. 5. Consistency of a cement paste (water to cement ratio 0.4) mixed with fibers with various aspect ratio. (a) ϕfr/αm=0.18; (b) ϕfr/αm=0.83; (c) ϕfr/αm=1.02.
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the steel fibers tested in this sectionwas between 33 and 80 (maximum
length 10 mm). All dimensions of the fibers tested in this paper can be
found in Table 1 and Fig. 6. The diameter of theVane toolwas 4 cmwhile
the diameter of the bowl was 10 cm. The gap between the vane tool
blades and the outerwall of the testing bowlwas therefore 40 mm large
(i.e. 5 times larger than the longest fibers). The height of material of the
bowl was 10 cm. Both dynamic (or intrinsic) yield stress (just after
mixing) and static (or apparent) yield stress (after rest) weremeasured
to check the sensitivity of the mixture to resting time [46,47]. It can be
kept in mind, that, in the rest of this paper, only the dynamic (or
intrinsic) yield stress is studied. Both dynamic and static yield stresses
after a one minute rest of the cement pastes tested here were between
25 and 30 Pa showing that the mixture studied was not strongly
thixotropic. For each test,water and awater reducer of poly-carboxylate
type (polymer to cementweight ratio of 1.3%)weremixed together and
added to the cement powder (CEM I 52.5) before a 2 minute mixing
phase (water to cement ratio equal to 0.4). The fibers were then added
and the mixture was stirred by hand before being poured in the testing
bowl. After a oneminute resting time, the Vane testwas carried out and
typicalmeasurements such as the one shown in Fig. 7were obtained. As
stated above, the fact that the cement paste without fibers does not
show any peak can be linked with the fact that this mixture is not
strongly thixotropic and that, during the oneminute resting time, it does
not have time to build a structure up. It can be noted here that a pre-
shear phase before each test could not be carried out for this specific
study as it would have strongly modified the orientation of the fibers in
the bowl. However, as the resting time and the protocolwere always the
same, it can be considered that the effects of the structuration and of the
thixotropy on the measurements can be neglected or at least do not
affect the relative yield stress (i.e. the ratio between theyield stress of the
cement paste containing fibers and the yield stress of the cement paste
alone) which is used here. A new mixture was prepared for each test.
Table 1
Properties of the fibers tested in this paper.

Length
(mm)

Thickness
(mm)

Aspect ratio Shape

3 0.175 17 Straight
5 0.2 25 Straight
5 0.15 33 Straight
10 0.2 50 Straight
42 0.8 52.5 Hooked end
55 1 55 Large end
15 0.25 60 Straight
20 0.25 80 Straight
25 0.3 83 Hooked end
30 0.3 100 Hooked end
It can be noted in Fig. 7 that, although the vane test result on the
cement paste without fibers does not display a peak (i.e. the static yield
stress after one minute rest is close to dynamic yield stress [46,47]),
there exists a stress peak when fibers are added. This peak cannot be
explained by thixotropy as the measurement was carried out at the
same age and resting time as the reference cement paste. This peak is in
fact due to the fiber orientation phenomenon. As soon as the material
starts toflow, the fibers start to get a preferred orientation. This induced
anisotropy reduces the energy needed to maintain the flow in the
suspension and therefore reduces the measured stress level. We will
limit our study in this paper to thepeakvalue corresponding to theonset
of flow and therefore to the yield stress of the isotropic material. What
we call yield tress in the following will therefore be the value of the
shear stress at the peak. However, as our material is not strongly
thixotropic and the resting time is very short, the value at the peak will
correspond to the dynamic yield stress of an isotropic mixture.

5.2. Experimental results

Weplot in Fig. 8 the relative yield stress (i.e. ratio between the yield
stress of the cement paste containing fibers and the yield stress of the
cement paste without any fibers) as a function of the relative packing
fraction ϕfr/αm with αm=4 as measured in the previous section. The
relative yield stress increases with increases in the relative packing
fraction. It can be noted that the relative yield stress stay in the same
order of magnitude (i.e. between 1 and 10) below the critical value of
0.8 (random loose packing fraction). As soon as the relative packing
fraction reaches 0.6, data are farmore scattered as the stress needed to
initiate flow strongly depends on minute changes in the existing but
not yet percolated network of contacts between fibers.

During these tests, the fibers sometimes tended to form balls. For
example, for 14% fibers with aspect ratio 33, balls of fibers appeared
and prevented any measurements of the behavior. This corresponds
to a value of ϕfr/αm equal to 1.03, which is in agreement with the
above theoretical frame. It has moreover to be noted that, for all
materials, when ϕfr/αm becomes close to 0.9, hand mixing became
particularly difficult and the rheometer torque was not sufficient to
allow for any measurement.

6. Influence of the presence of other inclusions

In most applications, fibers are not the only inclusions in the
cementitiousmixture. They combinewith sand and gravels in order to
obtain the targeted properties. In this section, we propose to deal with
these mixtures by simply adding the contribution of each type of
inclusion to the contact network.



Fig. 6. Fibers tested in this paper (see Table 1 for details).
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It has been demonstrated that fibers strongly affect the packing
density of aggregates and vice versa [48]. Barthos and Hoy [49] noted
that packing density is reduced with fiber addition in a slightly larger
waywith coarse aggregate thanwith sand, because “the sand is able to
pack tightly around the fiber, whereas coarse aggregates are pushed
apart by the fiber's presence”. This complex specific phenomenon
illustrated in Fig. 9 cannot be quantitatively predicted without
numerous experimental measurements allowing for the fitting of
empirical coefficients [2,43]. As far asweknow, it is not possible to take
into account the presence of fibers in analytical model to predict the
modified dense packing fraction of a granular skeletonmade of various
particles and to therebypredict the ideal proportions of small and large
particles in amix containingfibers.We have limited our approach here
to materials containing only one size of particles or a sand fine enough
to be considered as a part of the suspending paste such as fiber
reinforced mortars or Ultra High Performance Fiber Reinforced
Concretes (UHPFRC) which only contain fine sand particles.

We define the total relative volume fraction as the sum of the
relative volume fraction of the fibers and the relative volume fraction
of the granular skeleton ϕfr/4+ϕs/ϕm where ϕs and ϕm are
respectively the volume fraction and the dense packing fraction of
the sand. As, by doing this, we neglect the decrease of packing fraction
of each individual specie due to wall effects or at the particle scale and,
we probably underestimate the real global relative packing fraction of
the inclusion mixture.
Fig. 7. Shear stress measured using a Vane test measurement as a function of time.
In this section,we examine yield stressmeasurements obtained from
empirical tests like slump and slump flow tests using relations such as
the ones given in [27–29]. We consider here that the flow duration of
these empirical tests is not long enough to allow forfiber orientation.We
didnot consider in Fig. 10 the rich set of data obtainedbyBanfill et al. [26]
as the fibers used in that work can be considered as flexible according to
the rigidity criterion defined in Section 3. Moreover, we did not consider
either themeasurements obtained by Bui et al. in [23] or Kuder et al. [50]
as these are affected by fiber orientation inside their rheometer.

We plot in Fig. 10 the relative yield stress (i.e. the ratio between the
yield stress of the fiber reinforced material and the yield stress of the
constitutive cement paste) as a function of the total relative packing
fraction of inclusions (sand andfibers).Wemeasured the dense packing
fraction of our naturally rounded sand andobtained a value equal to 68%.
This can be considered as a standard value according to [43]. The amount
of sand in themixtureswas kept constantwhile theamount offiberswas
varied. The sand contributed to the value of the relative packing fraction
up to 0.65. Itmaybeuseful topointout that, because of expanded scale of
the Y-axis, measured relative yield stresses for low relative packing
fractions may seem to equal zero while they in fact equal 1.

We can see in Fig. 10 that it is possible to combine linearly the
effects of both fibers and sand in order to identify the rapid increase in
the yield stress of these mixtures around the critical volume fraction
Fig. 8. Relative yield stress (i.e. ratio between the yield stress of the cement paste
containing fibers and the yield stress of the cement paste without any fibers) as a
function of the relative volume fraction ϕfr/αm with αm=4. The dashed line
corresponds to the critical random loose packing.



Fig. 9. Effect of a fiber on the packing of gravel and sand mixtures. In the above 2D dense packing example, the number of small grains needed to reach the densest packing is
increased by roughly 20% whereas the number of large grains is decreased by roughly 10%.
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at which all these inclusions combine in order to generate a strong
direct contact network in the material. Below the random loose
packing fraction, the fibers and inclusions only play a small role and
the mixture behavior is very close to the cement paste behavior
whereas, above the random loose packing fraction, the material yield
stress increases by several orders of magnitude.

7. An additional mix design criterion for fiber reinforced mortars
or UHPFRC

It is possible to extract from the above results a simple mix design
criterion for UHPFRC. As the objective of mix design is to obtain the
targeted fresh and hardened properties for the cheapest cost, it can be
expected that an optimized mixture will contain as much sand as
possible. The amount of sand will however be limited by the targeted
workability of thematerial and strongly influenced by the amount and
aspect ratio of the fibers.

If the total relative packing fraction defined above is higher than
100%, fibers should tend to form clumps or balls and entrap air in the
mixture. The material will not be flowable. This means that the value
of ϕfr/4+ϕs/ϕm should stay lower than 1. The maximum amount of
fibers (ϕf)max in the mixture to prevent this from happening is

ðϕf Þmax =
400
r

ð1−ϕS =ϕmÞ ðin%Þ ð6Þ
Fig. 10. Relative yield stress as a function of the total relative packing fraction. The
dashed line corresponds to the theoretical random loose packing.
where r is the aspect ratio of the fibers, ϕs is the packing fraction of
sand in the mixture and ϕm is the dense packing fraction of the sand
(of order 65% for a rounded sand).

Eq. (6) captures the fact that it is possible to increase the fiber
volume fraction in a given material by reducing the aspect ratio of the
fiber, by reducing the packing fraction of granular skeleton or by
choosing a sand displaying a higher dense packing fraction (i.e.
naturally rounded sand instead of crushed sand for instance).

If the total relative packing fraction ϕfr/4+ϕs/ϕm is between 0.8
and 1, it can be considered that the mixture is optimized. If it is close
to 1, it will probably be a firm mix as the contact network between
fibers and aggregates will strongly diminish the ability to flow of the
material. If it is close to 0.8, it will be possible to obtain a very fluidmix
(even self compacting) by designing a fluid cement paste through the
variation of the super-plasticizer dosage as the contribution of the
direct contacts between aggregates and fibers to the consistency of
the mix will be low.

Eq. (6) is now applied to the mix designs presented in [51–58] and
which are claimed to be optimized through successive testing or
analytical methods (i.e. these authors have introduced the highest
amount of fibers while still getting a self compacting type mixture).
The calculated total relative volume fractions of these mixes are
plotted in Fig. 11. It can be seen that the above mix design criterion
seems able to describe correctly the influence of both the fiber amount
and shapes and the aggregate contribution to the yield stress of fiber
reinforced concretes. It can be noted that, in the case of themix design
found in [58], three types of fibers are mixed together. In this specific
Fig. 11. Total relative packing fraction for the various mix designs in [51–58].
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case, it is not possible to predict the dense packing fraction of the
fibers using Eq. (4). We therefore measured it using the same fibers
for the same proportions applying the procedure described in Section
4. The fiber mixture consisted in 27% of steel wool (measured dense
packing fraction of 9%), 55% of short steel fibers (length 5 mm,
diameter 0.15 mm, measured dense packing fraction of 14%) and 18%
of long steel fibers (length 80 mm, diameter 0.25 mm, measured
dense packing fraction of 5%). The measured dense packing fraction of
this mixture of fibers was 15% showing that fibers, as any other
inclusions can benefit from poly-dispersity.

8. Conclusions

In this paper, we have studied the effect of rigid straight fibers on
the yield stress of cementitious materials. We have first derived from
the physical phenomena involved in the case of spherical inclusions a
simple model describing the contact network between rigid fibers
inside the material. As soon as this contact network becomes
percolated, the yield stress of the mixture increases by several orders
of magnitude. We have then proposed a criterion allowing for the
distinction between rigid and flexible fibers.We have then shown that
a prediction of the critical fiber amount leading to a very strong
increase of the yield stress of any cement paste, mortar or concrete
could be derived from the proposed approach. This prediction
assumes that the contribution of the aggregates and of the fibers to
the contact network can simply be added. A simple and helpful mix
design criterion for UHPFRC was finally proposed and applied to
several mix proportions from the literature.
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