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Abstract

In the present study, a mathematical model has been developed to predict cement properties from the description of hydration kinetics in
Portland-slag cement—silica fume blends containing up to 15 mass % of silica fume. Knudsen’s dispersion models were applied in fitting
both the degree of hydration and the compressive strength experimental data as a function of time. It was found that the “mixed (linear/
parabolic) dispersion model” fits the cement—silica fume blend systems well, as both the rate constants k; and k, of the Knudsen expressions
are significant in the systems to which they are referring. With respect to the fact that there is a relationship between parameters as defined by
Knudsen, this study has attempted to establish the direct functional dependence between the degree of hydration and the compressive strength
by means of the time variable. It was found that the degree of hydration—the compressive strength dependence, for replacement levels
varying from 0 to 15 mass % of silica fume, indicates a linear mathematical function. There are good agreements between the model and the
experimentally obtained results. The proposed model provides the opportunity to predict the compressive strength development based on
measuring the heat release during the 48-h cement hydration if the infinitely (ultimate) achievable compressive strength value is known.

© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The development of strength of concrete is affected by
many factors, such as cement composition and fineness,
water-to-cement ratio, aggregate, age and temperature of
curing. There is as yet no such formula (mathematical
model) that could reproduce the effects of all these factors
adequately in a quantitative manner, primarily due to a high
number of variables [1].

The first studies carried out to predict and program the
final strengths of cement mortars have been based on the
assumption that each constituent of the clinker mineral
independently affects the mechanical properties of hydrated
products [2]. The attempt was made to explain this effect by
means of a multiple linear correlation that examined the
effect of each of the constituents. This linear correlation has
undergone a series of improvements. Thus, Popovics [1] has
introduced “the exponential cement model,” probably the
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first nonlinear cement model for representation of harden-
ing, which is much simpler conceptually than most linear
models. However, a more direct approach in describing the
effect of the compound composition on porosity and
strength of Portland cement was used by Joens and Osbaeck
[3]. According to these authors, the development of micro-
structure in cement pastes should be quantitatively inter-
preted from the kinetic point of view. More recently, Tsivilis
and Parissakis [4] showed that cement fineness is an
important factor influencing the early strength while the
chemical and mineralogical properties of cement contribute
to the strength development at later ages.

Knudsen made a first attempt to develop an analytical
model of hydration. He was considering a linear hydration
mechanism and was using a Rosin—Rammler particle size
distribution (with n=1) [5]; he later presented a simple
analytical model for development of hydration of Portland
cement (the dispersion model), which covered linear, para-
bolic and joint kinetics of hydration [6]. This model was
tested on experimental hydration curves, mainly obtained by
chemical shrinkage and the degree of hydration as a
function of time and temperature [7].
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According to Knudsen [6], an analytical model for
development of hydration of Portland cement may be
represented by:

P P\’
kl(m) +k2(P007—P> =1t—1 (1)

where P is the represented property of interest (heat evolu-
tion, amount of chemically bound water, chemical shrink-
age, etc.), P, is the property measured after an infinitely
long time, ¢, is the length of the dormant period, # is the time
from mixing with water and k; and k, are rate constants.

Eq. (1) represents the best expression so far to relate a
cement paste property with time, as it is based on the
fundamental criteria of hydration kinetics, taking into ac-
count the polydispersion of the system, and yet being simple
enough to be used in practice.

According to Knudsen [6], the parameter [ P/(P., — P)]
is related to the hydration ratio, [o/(1 — )], so that Eq. (1)
can assume the following form:

kl(lio)—’_kz(liot)z:t_to (2)

where « is the degree of cement hydration, &, and &, are rate
constants, £, is the length of dormant period and ¢ is the time
from mixing cement with water.

By substituting the Knudsen’s parameter P from Eq. (1)
with the compressive strength, fc values, the following
equation can be obtained:

P + k, L2—1 t (3)
M\fe, — fe P\fe. —fc) " 0

where fc is the compressive strength of mortar at time ¢,
(MPa); fc., is the compressive strength after very long
proper curing (MPa), that is, the 360-day compressive
strength of mortars given in Table 1; #; is the age at start
of strength development (h); and k;; and kj, are rate
constants (h).

Bentz [8,9] has applied Knudsen’s kinetic (dispersion)
models and shown the importance of the physical micro-
structure of the initial cement powder in influencing the
cement paste hydration kinetics. The three-dimensional
computer model developed by Bentz has provided quantita-
tive predictions of the effects of cement composition, water-
to-cement ratio and curing environment on resultant hydra-
tion and physical properties (heat release and mortar cube
compressive strength), suggesting that the model may be
applicable in designing new materials. The model has been
successfully applied to predict the percolation and diffusion
properties of cement pastes with no mineral admixtures [10],
as well as to determine the effect of silica fume on the
microstructure and diffusivity of cement paste [11].

The purpose of the research presented here was to
develop a mathematical model that would describe reliably

Table 1
The properties and mix proportional of the cement—silica fume blend
mortars

Systems MPO MP2 MP5 MP8 MPIl  MPI5
Silica fume 0 2 5 8 11 15
replacement
(mass %)

Mix proportional (g/dm’)

Aggregate 1350 1350 1350 1350 1350 1350
Cement 450.0 4374 4190 401.0 3833 360.5
Silica fume - 8.9 22.0 34.8 47.4 63.6
Water 225 222 223 225 231 244
Fresh mortar 2,158  2.156 21165 2161 2147  2.135

density (g/em®)
Air content (%) 6.07 6.00 5.35 5.32 5.30 5.50
Flow table (mm) 131 127 128 128 129 130
Heat released 326 310 312 320 290 273
(J/g), 90 days

Compressive strength (MPa)

3 days 2320 26.60 2720 2540 2470 18.20
7 days 3020 3250 37.00 3550 38.80 29.00
28 days 4245 4795 5395 53.00 5320 49.10
360 days 53.60 58.60 66.60 6420 6120 58.40

the effect of early hydration on properties of Portland-slag
cement containing various silica fume replacements (2, 5, 8,
11 and 15 mass %), as reflected by their developed strength.

The mathematical program package MathCad 2000 has
been used in model development and testing.

2. Experimental procedure
2.1. Materials

The commercial Portland-slag cement (Dalmacijacement
RMC Group, Solin, Croatia), produced by grinding of
cement clinker and mixing up to 5 mass % of gypsum
and 20—30 mass % of the blast furnace slag, conforming to
the European cement standard EN 197.1: type CEM II-S
42.5, was used. The value of 42.5 refers to the minimal
normalised mortar strength at 28 days, expressed in MPa.
The Bogue composition of the cement clinker was (in mass
%) as follows: C3S=70.0; C,S=15.0; C3A=6.0;
C4AF =8.0; CaO (free)=1.0. The Blaine fineness of cement
used was 353 m?/kg.

Silica fume was obtained from filters used in production
of ferrosilicon (Carbide and Ferroalloys Works Dalmacija,
Dugi Rat, Croatia), containing about 90 mass % SiO, and
having a surface area of 18,000 m?/kg as measured by the
BET nitrogen sorption method.

2.2. Hydration kinetics
The hydration kinetics was measured by means of heat

evolution from hydrating cement under the temperature
conditions of 293 K using a differential microcalorimeter,
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Fig. 1. Heat development curves normalized by the mass of cement used in
cement—silica fume-blended systems.

DMC (constructed at the Faculty of Civil Engineering in
Budapest, Hungary). The details of the experimental method
are described elsewhere [12,13]. Cement pastes with mass
samples of 4.00 g were prepared by using the water-to-solid
ratio (W/S) of 0.5, including both cement and silica fume as
solids. Silica fume was added as a partial replacement of
cement at levels of (0, 2, 5, 8, 11 and 15) % by mass of
cement. The samples were designated as follows: PO, P2,
PS5, P8, P11 and P15, respectively. The hydration heat output
was continually monitored for up to 48 h by a computer,
which was interfaced with the DMC.

To calculate the o — ¢ data, the signal formed due to the
difference in potentials on the microcalorimeter thermo-
couples in the referent part and in the part with the
hydrating sample which has been analysed by the PC
software program. The heat released, O, has been calcu-
lated first, and then it was converted to the degree of
hydration, o;, by the values of the heat of hydration
achieved experimentally for each of the cement—silica
fume blends at 90 days measured using the heat of
solution method, according to the Croatian standard [14].
Because mixing of samples for the standard heat of
solution method may be more complete than that achieved
in small microcalorimeter cells, higher heat release values
could be expected [8].

2.3. Preparation of mortars

Mortar samples were prepared from a mixture of Port-
land-slag cement, type CEM II-S 42.5 and standardized
siliceous sand as aggregate with the 1:3 ratio by mass
according to the standard HRN.B.C8. 022 [15]. The aggre-
gate fractions falling in the ranges 0.125-0.25, 0.25-0.5,
0.5-1.0 and 1.0-2.0 mm were used at 1:2:3:3 ratio. Silica
fume in the amount of (0, 2, 5, 8, 11 and 15) mass % on the
cement basis was used as a replacement for cement. The
samples were designated as follows: MPO, MP2, MPS5,

MP8, MPI11 and MPI5, respectively. No water-reducing
agents were used for improving the workability of mortar in
this program. However, the experiment has been conducted
at constant flow conditions. The mortars have been prepared
to have the constant flow-table consistency, according to the
Croatian standard, HRN.B.C8. 042 [16]. According to this
standard, the mortars were formed into pats of 127—131 mm
in diameter. The air content of freshly mixed mortars was
determined by the pressure method according to HRN.B.CS.
050 [17]. The specific gravities of Portland cement, aggre-
gate and silica fume used were 3.18, 2.62 and 2.26 g/cm’,
respectively. Because volume of binders (cement+silica
fume) into the cement—silica fume mortars was kept con-
stant, the mass ratios of mixture composition were calculat-
ed into the volumetric ratio [18]. The properties and mix
proportional (in g/dm’) of the cement—silica fume blends
are given in Table 1.

Mortars were moulded into the 4 X 4 X 16 cm prisms and
were vibrated for 1 min to remove air bubbles and voids.
After moulding, the specimens were immediately cured in a
humidity cabinet at 293 K and 95% relative humidity for 24
h. Then, they were demoulded and placed in a water-filled
tank, where the temperature of 293 K was held constant by a
thermostat. When mortar samples reached the prescribed
age, they were taken out of the curing tank. Compressive
strengths of mortars were measured in accordance with the
Croatian standard, HRN.B.C8. 022 [15] from triplicate
specimens at 3, 7, 28, 120 and 360 days. However, several
samples were tested after 1, 4 and 14 days. All the reported
results are the averages of three measurements. The test
results are given in Table 1.
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Fig. 2. Compressive strength developments vs. silica fume replacement.
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3. Results and discussion
3.1. Hydration

Fig. 1 shows the curves of the normalized experimental
results of heat release for pastes containing up to 15 mass %
of silica fume replacement (W/S =0.5; 7=293 K) during the
48-h hydration. An experimentally determined value of heat
hydration has been normalized by the mass of cement used
in different replacements of silica fume blends and con-
verted to the degree of hydration by the values of heat
release after 90 days of hydration measured using the heat
of solution technique [14]. By normalizing the heat release
(J g ") by the mass of cement in the sample, the heat
hydration per gram of initial cement (J g~ '/I g cement)
could be determined. Thus, heat development values could
be compared with one another and the contributions from
silica fume can be separated.
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The time-dependent courses of the heat of hydration (Fig.
1) show that 8 mass % of silica fume replacement causes a
significant acceleration of cement hydration in comparison
to the control cement paste (sample P0). These results agree
with previous research [19,20] which has shown that the
presence of silica fume slightly increases the rate of the
early cement hydration when it still exists as a chemically
inert filler. The increased rate of hydration is believed to be
due to enhanced precipitation of hydration products on
submicroscopic silica fume particles that possibly serve as
nucleation sites for crystallisation of hydrated products [21].
However, no correlation has been observed between the
increase of the mass % of silica fume and hydration
acceleration. This might be partly due to the variability of
the experimental technique. The possible sources of errors
may be due to nonuniform composition in the samples (in
the range of mass up to 4.00 g) of the cement used, as well
as due to nonuniform distribution of silica fume in the
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Fig. 3. Comparison of experimental measurements (data points) and the model predictions by Eq. (2) (solid line) for all cement—silica fume blends, where the

hydration ratio is [o/(1 — )], and the reaction time is (¢ — ).
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cement silica fume blends, because no plasticizer is used to
ensure proper dispersion of the silica fume. However, care
has been taken to avoid all such errors while experimenting
with the present program. The deviation of the heat devel-
opment of individual paste specimens from the mean of two
or three specimens has been small [12,13,20]. Use of a large
number of test specimens to obtain better average heat of
hydration development could elucidate the factors influenc-
ing our observation.

3.2. Compressive strength

Fig. 2 shows the effect of the silica fume replacement on
cement mortar compressive strength development at differ-
ent hydration ages (3, 7, 28 and 120 days). Mortars
containing 5 and 8 mass % of silica fume replacement show
the higher compressive strength. They were also character-
ized by a better sulphate resistance than a control sulphate-
resisting mortar, as has been reported previously [22]. The
samples with higher silica fume replacement evidently attain
their final strengths later. This behaviour can be attributed to
the twofold effect of silica fume that acts as a pozzolan and
as a microfiller. Over time, the ratio of these two effects
changes, leading to the shift of maximum strengths to higher
silica fume contents as time passes. Fig. 2 also indicates that
early strengths (up to 7 days) of the mortar containing 15
mass % of silica fume replacement are lower than those of
cement mortar not containing silica fume (sample MPO).
After 28 days, however, when new hydration products are
formed by the pozzolanic reaction between silica fume and
calcium hydroxide, the compressive strength of this mortar
(sample MP15) increases noticeably and is higher than that
in the control mortar (sample MPO0). This implies that the
pozzolanic reaction is responsible for development of
strength in samples of mortar containing silica fume. Obvi-
ously, in the earlier ages of hydration, a pozzolanic reaction
took place later than the reaction of hydration and therefore
mortars containing silica fume replacement show lower
strength values than the control mortar (MPO).

3.3. Mathematical modelling: the effect of early hydration
on compressive strength development of cement mortars
containing silica fume

The present study stresses the importance of kinetic
analysis of the cement hydration process for predicting the
compressive strengths. The mathematical modelling, based
on the dispersion models of Knudsen, has been carried out
to establish a direct relationship between the kinetic analysis
of the hydration process and strength as the final property of
the cement stone.

To develop the model, experimental studies have been
conducted both of the compressive strength development of
standard mortars up to 360 days and of the heat of hydration
release of cement pastes up to 48 h for each of the cement—
silica fume blends. Both cement paste and mortar not

containing silica fume replacement (samples PO and MPO0)
were used as control samples.

The Knudsen’s dispersion models have been applied in
fitting both the degree of hydration and compressive
strength data as a function of time.

Eq. (2) has been fitted to the experimental reaction time,
(t — ty), vs. hydration ratio, [o/(1 — «)], data using nonlinear
regression analysis. Heat release results indicate that the
length of the dormant period is about 2 h for blends without
and with up to 8 mass % of silica fume replacement and
about 3 h for blends containing more than 8 mass % of silica
fume replacement.

Fig. 3 compares the experimental measurements and the
model prediction of Eq. (2). The values of parameters k; and
k, for both the cement—silica fume blends and control
sample are presented in Table 2.

The relationship between the reaction time, (1 — ¢, ), and
the strength ratio, [fc/(fc., — fc)], was used to determine the
values of constants k;; and ki, of the Knudsen expression,
according to Eq. (3), by means of nonlinear regression
analysis. Fig. 4 shows the fit of Eq. (3) to the experimental
data. The values of constants k;; and k;, of Eq. (3) are
presented in Table 2.

The values of the rate constant (k; and k) of the Knudsen
expressions in Egs. (2) and (3), presented in Table 2,
indicate that the “mixed (linear/parabolic) dispersion mod-
el” fits the cement—silica fume blends data well, as both the
rate constants of the Knudsen expressions (i.e., k; and &, in
Eq. (2) and k;; and ky, in Eq. (3)) are significant in the
systems to which they are referring.

However, neither Eq. (2) nor Eq. (3) establishes a direct
relationship between the compressive strength and the
degree of hydration (the fc — o data), but both the degree
of hydration and strength development are a function of age.

With respect to the fact that there is a relationship
between parameters as defined by Knudsen, this study has
attempted to establish the degree of hydration—compressive
strength function.

Table 2
Numeric values of the rate constants from Eqs. (2)—(5) for cement—silica
fume blends (MPO, MP2, MP5, MP§, MP11 and MP15)

Systems MPO MP2 MP5 MP8 MP11 MP15

Eq. (2)

ky 2927 3832 3634 2837 3701 2540
ks 3.52 439 0.00 6.29 1.56 5.87
Eq. (3)

ki 13513 13513 19455 133.13 12642 12542
ko 0.21 0.13 0.15 0.00 0.21 0.25
Eq. (4)

k, 0.0074  0.0074  0.0051  0.0075  0.0079  0.0079
Eq. (5)

keeo 4.14 3.34 432 4.28 3.38 3.88
kees 0.099  0.056  0.073  0.014  0.064  0.099
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Fig. 4. Correspondence of the empirical expression given by Eq. (3) (solid line) to the experimentally determined values (data points) for all cement—silica
fume blends, where the strength ratio is [fc/(fc., — fc)], and the reaction time is (£ — #)).

The relationship between the degree of hydration, «, and
the corresponding compressive strength, fc, is established
by means of the time variable, 7.

As no experimental degrees of hydration—compressive
strength development data at the equivalent age (¢ = constant)
were available, the following linear hyperbolic function
for strength development of mortars vs. age was used
[5,23]:

k(t — 15)

fc=fe, —~———
T T k(e — )

(4)

where fc=strength at age #, MPa; fc_, =the actual long-
term strength, MPa; k,=rate constant, 1/h and 7} =age at
start of strength development.

An average value of #), determined by the final time of
set measured for all cement—silica fume blends using Vicat
needle techniques, was found to be of the order of 5 h.

Fig. 5 compares the experimental measurements and the
model predictions by Eq. (4) for compressive strength
versus age for standard mortars with (2—15 mass %) and
without silica fume replacement. As can be seen, the
agreement between the model and the experimental data is
very good. Table 2 summarizes the results of the regression
analysis for the values of the rate constant &, of Eq. (4) for
each of cement-—silica fume blends, as well as for the
control cement sample (MPO).

We find it important to stress, that Eq. (4) is equivalent to
Eq. (3) (rearranged) with a value of the zero for the rate
constant of ki, in Eq. (3). This is supported by the fact that
the values for the rate constant &, in Eq. (4) are basically
equivalent to one over the values of the rate constant k& in
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the reaction time is (¢ — 7).

Eq. (3). In other words, if we set &, =0 in Eq. (3) and solve
for fc, we will arrive at Eq. (4) with &, of Eq. (4)=1/k;; of
Eq. (3). Thus, the linear hyperbolic function [23] and the
linear dispersion model [5] are simply equivalent.

The same equation in only a different form was also used
by Knudsen [5] and by Knudsen and Geiker [7] to represent
the degree of hydration and development of chemical
shrinkage as a function of age.

The values of corresponding strengths, calculated from
Eq. (4), were joined to the experimentally determined
values of degree of hydration vs. time. Thus, a set of the
fc — o data at the equivalent age could be obtained, and the
values of Knudsen’s parameters: the hydration ratio, [o/
(1 — )], and the strength ratio, [fc/(fc., — fc)], could be
calculated.

As 1y in Eq. (2) is not the same as #} in Eq. (3), both the
strength development data during setting and the degree of
hydration data during the early period (up to 5 h from

mixing) are not considered in Eq. (5). This step is necessary
because the degrees of hydration values are not evenly
distributed with compressive strength development (that
is, after cement and water are mixed together, there is a
time delay before strength development begins, but more
hydration heat is released during the early period than
during the later ones).

Based on these considerations, the corresponding rela-
tionships between Knudsen’s parameters were found to be
provided by the empirical expression:

fc

o
m = kfeo (m) + ki3 (5)

where kg, and kg3 are constants. Other symbols are iden-
tical with the symbols of Egs. (2) and (3).
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Eq. (5) represents the linear function, and provides a
direct mathematical relationship between the degree of
hydration (a kinetic parameter of the early cement hydration
process) and the compressive strength (a final mechanical
property of hardened cement mortar/stone).

The suitability of the linear model was also demonstrat-
ed in a recent study on the applicability of the maturity
method to mortar mixtures with low water—cementitious
materials ratios, typical of those in high-performance con-
crete [24]. Knudsen [6] has also suggested that numerous
hydration curves modelled could in practice be considered
to be 100% linear. According to Knudsen [6], a change
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from linear to parabolic kinetics, as pictured by Eq. (1),
may come so late (small values of k;) as to have no
practical implication.

Table 2 summarizes the numeric values of the kg, and
kg3 constants of Eq. (5). Fig. 6 presents the correspondence
of the empirical expression according to Eq. (5) to the
experimentally determined values of Knudsen’s parameters
for all samples (MPO—MP15). The model applied is well
supported by experimentally obtained results for each of the
cement—silica fume blends and the control sample exam-
ined. This suggests that the model, given by Eq. (5), could
be used to predict the compressive strength development
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Fig. 6. Correspondence of the empirical expression given by Eq. (5) (solid line) to the experimentally determined values (data points) for all cement—silica
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based on measuring the heat release during the 48-h cement
hydration in the case that the infinitely compressive strength
value (fc.,) is known.

The values of coefficients kg, and kg3 in Eq. (5) suggest
that the efficiency of silica fume in the cement—silica fume
blends depends on the percentage of silica fume replace-
ment. Therefore, each of the cement—silica fume systems
has to be calibrated separately.

Thus, the calibration performed for one cement—silica
fume blend (Fig. 6) can be used to predict the hydration
behaviour of other cement-blended system of reasonably
similar properties, such as cement phase composition,
percentage of silica fume replacement, W/S and temperature
conditions.

The usefulness of the proposed model is based on its
ability to make predictions about the compressive strength
at later ages only, 48 h after mixing of cement or cement—
silica fume blends with water.

As no plasticizer was used to ensure complete dispersion
of the silica fume, further studies would include the addition
of plasticizer that could serve to better justify the model
proposed.

4. Conclusion

This paper stresses the importance of kinetic analysis of
the cement hydration process in predicting the compressive
strength development of cement mortars containing up to 15
mass % of silica fume replacement, and describes a math-
ematical model developed.

The Knudsen’s dispersion models have been applied in
fitting both the experimental degree of hydration and the
strength development data as a function of time using the
nonlinear regression analysis. It has been found that the
“mixed (linear/parabolic) dispersion model” fits the ce-
ment—silica fume blend systems data well, as both the rate
constants (k; and k) in the Knudsen expressions are
significant in the systems to which they are referring.

With respect to the fact that there is a relationship
between parameters as defined by Knudsen, this study has
attempted to establish the direct relationship between the
degree of hydration and compressive strength. Their func-
tional dependence has been determined by means of the
time variable.

Examinations have indicated a linear dependence be-
tween these variables according to the relation:

o fc
m = k2 (m) + k3

The values of coefficients kg, and kg3 suggest that the
efficiency of silica fume in mortar depends on the percent-
age of silica fume replacement. Therefore, each cement—
silica fume blend system has to be calibrated separately.

Thus, calibration performed for one cement-blended
system could be used to predict the hydration behaviour
of other ones of reasonably similar cement phase composi-
tion, silica fume replacement percentage, W/S and curing
conditions.

The proposed model provides the opportunity to predict
the compressive strength development based on measuring
the heat release during the 48-h cement hydration if the
infinite compressive strength value is known.

Further efforts will be directed to further justification of
the model developed by including other properties of
interest into the model proposed.
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