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ABSTRACT
The macroscopicbulk modulusof mortarand concreteis modeledby rtssurn-
ing that each inclusion (fine or coarse aggregate) is spherical, and is sur-
roundedby an interracialtransitionzone (ITZ) in which the elastic moduli
vary smoothlyas a power-lawtlmctionof radial distancefrom the center of
the inclusion.The exponentin the power law can be chosenbased on the es-
timatedthicknessof the ITZ, or by fittingthe powerlawto measuredporosity
profiles.For thismodel,an analyticalexpressionhas been foundby Lutz and
Zimmerman(J. Appl. Mech., 1996)for the macroscopicbulk modulus.The
macroscopicbulk modulusdependson knownpropertiessuch as the elastic
moduliof the bulkcementpasteandthe inclusions,the volumefractionof the
inclusions,the elasticmoduli at the interfacebetweenthe cement paste and
inclusion,and the thicknessof the ITZ. In this paperthe inhomogeneousITZ
model is used to analyzethe data of Wanget al. (Cem.Cone.Res., 1988)on
the bulk modulusof mortar containingsand inclusions.By fittingthe meas-
ured modulito the modelpredictions,we can estimate, in a non-destructive
manner, the elastic moduliwithin the ITZ. For Wang’s specimens,it is in-
ferred that the elasticmoduli at the interfacewith the inclusionsis 30-50’%0
lessthan in thebulkcementpaste.O 1997ElsevierScienceLtd

Introduction

The earliestand simplestmodelsof the elasticmoduliof cementitiousmaterialswere based
on the assumptionthat concrete (or mortar) consistsof two phases: aggregate (or sand)
particlesand cementpaste.Under this assumption,simplemixingrules, such as a volume-
average of the stiffnesses(Voigt model) or a volume-averageof the compliance (Reuss
model),can be used to estimatethe effectiveelasticmoduli.Moresophisticatedmodelscan
be used that accountfor the fact that the cementpaste is the connectedphase, whereasthe
inclusionsform a disconnected,dispersedphase.Variousmathematicaltheorieshave been
proposedto predict the effectiveelasticmoduliof this type of particulatecomposite.Zim-
merman et al. (1) used the Kuster-Toks6ztheory (2) to study the effect of sand inclusion
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concentrationon the effectivemoduliof mortar.Yangand Huang(3) used the Mori-Tanaka
theory (4) to accountfor the presenceof both sand and aggregateinclusions,each having
their own elastic moduli.A review of two-componentmodels for the macroscopicelastic
moduliof concreteandmortarhasbeengivenby MehtaandMonteiro(5).

Recently,however,it has becomerecognizedthat the cementpaste shouldnot be consid-
ered to be a homogeneousphase. It is now knownthat the structureof the cementpaste in
the vicinity of the inclusionsdiffers from that of bulk cement paste (5,6). The region in
which the presenceof the inclusionsaffectsthe propertiesof the cementpaste is known as
the InterracialTransitionZone(ITZ).In thiszonethe porosityis greatestnear the inclusions,
and decreases with increasing distance from the inclusion (7). Neubauer et al. (8) and
Rameshet al. (9) havedevelopedmodelsin whichthe ITZ is representedby a thin, shell-like
regionthat surroundseach inclusion.Thesethree-shell(inclusion/ITZ/cementpaste)models
shouldbe more realisticthan two-componentmodels,but still representan oversimplifica-
tion, in that they assumethat the elasticmoduliare uniformwithinthe ITZ. Lutz et al. (10)
proposed a model in which the elastic moduli in the cement paste decay according to a
power law functionof the distancefrom the centerof the inclusion.An analyticalsolution
for the effectivebulk modulusof this inhomogeneousITZ modelhas been derivedby Lutz
and Zimmerman(11).In the presentpaperwe use this inhomogeneousITZ modelto analyze
measurementsof elasticmodulimadeby Wanget al. (12)on a suiteof water-saturatedmor-
tar specimensthat containedvaryingvolumefkactionsof sandinclusions.

Model of the Transition Zone

Lutz et al. (10)proposedthe followingconceptualmodelof concreteor mortar(Fig. 1).The
aggregateparticlesare assumedto be spherical,with radiusa. The elasticmoduli {Kin,Gin
within the inclusionsare assumed to be uniform. Outside of each inclusion, the elastic
moduli are assumedto vary smoothly’with”iidius,accordingto the followingpower law
equations:

-PK(r)=KCp+(Kf– KCp)(r/a) ,

G(r) = G.P+(GV= Gq)(r/a)-B

P

FIG. 1.
Schematicmodulusprofilearoundan aggregateparticlein concrete(fromEqs. 1,2).

(1)

(2)
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wherethe subscriptcp refersto the bulkcementpaste,andthe subscriptz~refersto the inter-
face with the inclusion.The moduli {KW,GCP}are those of the cement paste far horn the
inclusion,and reflectthe effectof any P&esthat are present;they are not the elasticmoduli
of a hypotheticalnon-porouscement~aste.Furthermore,if the poresof the cementpasteare
saturatedwith water, {K~P,GW}alsoreflectthat fact; the effectof pores, and pore saturants,
on the elasticmoduliof the cementpastehasbeen studiedby Zimmermanet al. (1) usingthe
Kuster-Toks6zmodel.For ourpresentpurposes,we treat the water-saturated,porouscement
pasteas a singie,microscopicallyhomogeneousphase.

Lutz and Zimmerman(11) found an exact solutionto the problemof hydrostaticcom-
pressionof a cementpaste containinga singleinclusionsurroundedby an inhomogeneous
ITZ, and then used this solutionto estimatethe effectivebulk modulusof a material that
containsa randomdispersionof such inclusions.The resultsof their analysiscoincidewith
the predictionsof the Mori-Tanaka(4) and Kuster-ToksOz(2) theoriesin the limitingcase
when the ITZ is absent.In orderfor their analyticalsolutionto be applicable,the power-law
exponent~ must be an integer;this posesno limitationon the practicalapplicabilityof the
model,as willbe seenbelow.

If the elasticmoduliprofilewithinthe ITZ were known,the parameter~ couldbe found
by performinga least-squaresfit of the profilesto the fimctions(1, 2). In the absenceof such
detailedelasticmoduliprofiles,Lutz et al. (10) showedthat if the “thickness”of the ITZ is
estimated based on visual observationof SEM micrographs,~ could be found from the
equation

~ = 2.303a/c$. (3)

This relationcan be obtainedfromEqs. 1 and 2 by assumingthat the visually-estimated
outeredge of the ITZ correspondsto the pointat which the power-lawterm has decayedto
10%of the valuethat it has at the interfacewith the inclusion.As flmust be an integer,the
predictionsof eq. (3) shouldbe roundedoff to thenearestinteger.

Althoughno measurementsof moduliprofileswithinthe ITZ are yet available,porosity
profiles have been measured(7,13). The porosityprofilesshouldbe closely related to the
moduliprofiles,becausethe increasein porositynear the inclusionsis one of the main fac-
torsthat leadsto a localdegradationof the elasticmoduli.To developa relationshipbetween
the increase in porosity and the decrease in moduli,we considerthe effect of adding an
additionalincrementalamountof porosityto the “bulk”cementpaste.If we let@cpdenotethe
porosity of the bulk cementpaste, and let A@(r)denotethe incrementin porosityat some
radialdistancer, the effectiveelasticmoduliat r are givenby (14)

K(r) = Kw[l-cz~A@(r)]= K~P[l-a~{@(r)-qLP}]

G(r) = Gcp[l-aGA@(r)]= @l-%{@(d-f#+p]]

(4)

(5)

The coefllcientsaKandc%dependprimarilyon poreshape,but also,to a lesserextent,on
the Poissonratioof the cementpaste,v~PFor the two “extreme”casesof sphericaland crack-
likevoids,thesecoefficientsare (5 and15)
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3(1- v.,) 15(1-VCP).
sphericalpores: a~ =

2(1-2 Vcp)‘ ac = (7 -5 Vcp)‘

cracks:
4(1– V:p) )+ VCP)(5-Vcp;a~ = a~ =

31c(l- 2vcp)&‘ 15rc(2–Vcp)

(6)

(7)

whgre&<<1 is the aspectratioof a typicalcrack in the ITZ. For the rangeof Poissonratios
commonlyobserved in cementpaste, 0.15< VCP<0.30, these coefficientsare nearly inde-
pendentof VCP.For atypical valuesuchas VW=0.2,the coefficientsare

sphericalpores: a~ = 2.0, ac = 2.0; (8)

cracks: a~ = 0.6791E, a~ = 0.3621E. (9)

Sphericalpores thereforecauseproportionatelythe samedecrementin the bulk modulusas
in the shearmodulus,whereascrack-likevoidsdecreaseK to a muchgreaterextentthan G.

According to Eq. 4 and 5, the incrementalmoduliprofiles (i.e., K(r) – Kq) should be
proportionalto the incrementalporosityprofile.Hence,the accuracywith which the moduli
profilescan be fit with power law functionscan be estimatedfrom the extentto which po-
rosityprofilescan be fit withpowerlawtlmctionsof the form

#(r)=@c,+(@y+cp)w)-p (lo)

Fig. 2 shows the porosity profile around an aggregateparticle in a concrete having a
water/cementratio of 0.4, afler one year of hydration,as measuredby Crumbie(13) using
backscatteredelectron imaging.Althoughthe porosityprofile within the ITZ depends on
factorssuch as the water/cementratio and the chemicalcompositionof the cementpaste, it

o Crumbie(1994)

00
000

~ooooo~

o 10 20 30 40 50
Distancefrom Aggregate (~m)

FIG.2.
Porosityprofilearoundan aggregateparticlein concrete(afterRef. 13).
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seems to be independentof the size of the inclusions(16,17).Hence, it seemsplausibleto
assumethat the profilemeasuredby Crumbieis at leastqualitativelyrepresentativeof typical
porosityprofileswithinthe ITZ.

As the variablein the powerlaw fi.mctionis the distancefromthe centerof the inclusion,
ratherthan the distanceftomthe outeredgeof the inclusion,we cannotperformthe curve-fit
withoutassuminga value for the inclusionsize. In order to span a large range of possible
sizes, Lutz et al. (10) consideredinclusionshavingradii of 50 pm and 500 ~m, each sur-
roundedby an ITZ havingthe sameporosityprofileas measuredby Crumbie(13).Although
the optimalvalue of ~ dependedstronglyon the inclusionradius, in both cases a power law
provideda very good fit to the porositydata. They also found that the optimalvalues of ~
found from the curve-fittingprocedurewere in very close agreementwith the values ob-
tained from Eq. 3, if the “thickness”of the ITZ is taken to be about40 ~m, which seems
reasonable(see Fig. 2). Our conclusionis that it seemsreasonableto representthe porosity
profiles,andhencethe elasticmoduliprofiles,by power-lawfunctionsof the radius.

Insertionof the porosityprofile(10) intoEqs.4 and 5 yieldsmoduliprofilesof the form

G(~)=GcP[l-~G(@r-@cP)(~,~)-’]

(11)

(12)

Comparisonof Eqs. 11 and 12with Eqs. 1 and 2 showsthat the product Mqiti – qlp) is

equal to the fractionaldifferencebetweenthe bulk modulusat the interfaceand in the ce-
mentpaste, and similarlyfor the shearmodulus.We will refer to these fractionsas the local
dmage pwmeters,D~= (Kcp– Kv)/&p,etc., andwriteEqs. 11and 12as

K(r) = Kcp[l- DK(r/a)-o]

G(r) = Gcp[l- Dc(r/a)-~]

(13)

(14)

The elastic moduli at the interface with the inclusion can therefore be expressed by,
Ky = KCP[l- q], and G~ = G,p[l- D.] .

Analytical Solution for the Effective Bulk Modulus

The analyticalsolutiondevelopedin (10) for the effectivebulk modulusof a materialcon-
taining sphericalinclusionssurroundedby a power-law-typeinterracialtransitionzone de-
scribedby Eqs. 1and2 canbe writtenas

K~fl 1+ (4GCP/ 3KCP)fC
—=
KCP l-fc ‘

(15)
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3(K,. -Kr)~O rnp+[KV+(4/3)Gv]j0 ~prnp
where f= (16)

3(Ki. -Kv)~ rnB+3+[IG+(4/3)GV]~0 (nP+3)rn6+3
n=o

and c is the volumeflactionof the inclusions.The coefficientsrare foundfromthe follow-
ingrecursionrelation:

-{(KY-Kw)[n2+(P-3)n-3B] +(4/3)(GY-G.P)[n2 +(B-3)n]} r ~17)
rwp=

(n+13)(n+&3)[K.p +(4/3)Gc,] “

with ro = rq = 1. From ro and r’, the recursionrelation(17) generates {r~, rzp,...} and,
{r’j+~,rj+z~,...}, which are the only rcoefficients that actuallyappear in Eq. 16. In the
limitingcase where the cementpaste is homogeneous,all the coefficientsexcept T’Oand rj
vanish,andKv + Kq, etc., in whichcasef + 3(Ki.-Kw) / (3Kj.+ 4Gq) and Eq. 15reduces
to the result foundby Mori and Tanaka(4), Kusterand Toksbz(2) and othersfor the effec-
tive bulk modulusof a materialcomposedof sphericalinclusionsin a homogeneousmatrix.
This result alsocoincideswiththe Hashin-Shtrikmanlowerbound(18).As shownin(11), as
KvdecreasesbelowKw, the effectivebulk modulusfallsbelowthe Hashin-Shtrikmanlower
boundfor a two-componentmaterial.

Application of Model to Experimental Data

Wang et al. (12) measuredcompressionaland shearvelocitieson a suite of water-saturated
mortar specimensthat containedvaryingamountsof sand inclusions.The bulk moduli of
their specimenscan be foundfromthe two measuredwavespeedsusingthe relationship

()K.ff = p,ff V; –#V: , (18)

wherethe effectivedensityis relatedto the densitiesof the cementpasteand sand inclusions
by

Pc~=(1– c)Pq + cPin. (19)

The mortarconsistedof cementpastewith sandinclusions,the diametersof whichranged
from590-840 pm; hence,themean inclusionradiuswasabout350 pm.

To applyour inhomogeneousITZ modelto the data of Wanget al. (12),we first assume
that the porosityprofiles in the ITZ are similar in shape and extent to those measured by
Crumbie(13), althoughthe specificvaluesof @vand@~Pmay be different.As shownin Eqs.
11 and 12, if the porosityprofilecan be tit with a power-lawfunction,the same shouldbe
true for the elasticmoduliprofiles.Fig. 3 showsthe porosityprofilemeasuredby Crumbie,
fit to an equationof the formof (10),usingan inclusionradiusof 350 ~m, as is appropriate
to the specimensunderconsideration.The optimum(integral)valueof ~ is 22, with a corre-
lationcoefficientof rz = 0.978.Valuesof ~ = 21 or ~ = 23 changedthe correlationcoeffi-
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Inclu:ion radius= 350 pm; p =22

0.20
%.=
~

z
0.10

I I
“,”” ~

350 360 370 380 390 400

Distancefrom Centerof Inclusion (~m)

FIG.3.
PorosityprofilefromFig.2, fit to equation(10),assuminga = 350 ~m.

cient by less than 0.50A.This substantiatesour earlier claim that no generality is lost by
forcing P to be an integer.It is also worth notingthat the curve-firmethodyields a results
that is consistentwith that obtainedfromEq. 3. If/?= 22 anda = 350 pm, Eq. 3 yieldsand
ITZthicknessof 37 pm, whichseemsvisuallyconsistentwithFig.2.

Table 1 showsthe parameterswe used in applyingourmodelto this dataset. Theproper-
ties of the bulk cementpaste, {K.P,G.P,P.P},metakenfromthespecimen that Contained no

sand inclusions;the propertiesof the sand inchtsions,{&n,Gin, Pi.), me Qken from (2). me

parametersE and v are not explicitlyneeded as inputs,but are listed in Table 1 for com-
pleteness;they can be calculatedfromthe relationships

E= 9KG/(3K + G), v = (3K–2G)/(6K+ 2G) . (20)

The onlyadditionalparametersthat areneededare the two localdamageparameters.Eqs.
11-14show that calculationof these parameterswouldrequireknowledgeof the local po-
rosityprofile,and knowledgeof theporeshapeswithinthe ITZ. However,our intentionis to
use the model in the inversesense,to inferthe localdamageparametersfromthe measured
macroscopicbulk moduli.Lackingdetailedknowledgeof the pore morphologyin the ITZ,
we assume that the pores are nearly spherical, in which case Eq. 10 indicates that
DC= DK. This is in agreementwith the findingsof ScrivenerandNemati(16),who observed
no crack-likevoids in the ITZ. Furthermore,numericalevaluationof Eqs. 15-17indicates

TABLE 1

PhysicalPropertiesof MortarSpecimens(fromRef. 12)

Material K (GPa) G (G?a) E((lPa) P(Wm3)
SandInclwons 44.0 37.0 86.7 0.:7 2707
CementPaste(saturated) 22.5 11.8 30.1 0.28 2182
Interface 22,5(1-D) 11.8(1-D) 30.1(1-D) 0.28 -

——...
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FIG.4.
Bulkmodulimeasuredby Wanget al. (12)usingacousticmethods,comparedto predictions
of inhomogeneousITZ model, for various values of the local damage parameter at the
interface.

that Kiflis muchmore sensitiveto DK than to Dc, as miglitbe expected.Hence, it seemssafe
to put DC= DK = D, in whichcaseK,ffwillbe a functiodof the localdamageparameter,D,
and the volumefractionof inclusions,c. We thereforecalculatethe K,~c) curvesfor differ-
ent valuesof D, and comparethemto the valuesfoundfromthe acousticvelocitymeasure-
ments;the best fit willyieldan estimateof the localdarnageparameterat the interface.

The measuredbulk moduliof the six specimenstested by Wanget al. (12) are shown in
Fig. 4, alongwith the predictionsof the model,for variousvaluesof D. Each datumpoint is
fit by a slightlydifferentvalueof D, rangingfrom0.0-0.6. The singlevaluethatprovidesthe
best fit to the entiredataset is about0.4. If the excessporosityin the ITZ were indeedin the
form of sphericalpores,Eqs. 8 and 11indicate that a damageparameterof 0.4 corresponds
to an excess porosityat the interfaceof 0.20; this agrees very closelywith the value 0.18
measuredby Crumbie(13). This agreementlendsfurthercredibilityto our assumptionthat
the effective bulk moduluscan be explainedin terms of the inhomogeneousITZ model.
However,we mustemphasizethat the applicationof ourmodelis in no way dependentupon
the use of Crumbie’sporosityprofile.Regardlessof any assumptionaboutthe natureof the
porosityprofilewithinthe ITZ, our comparisonof the measureddatawith the modelpredic-
tions leadsto the conclusionthat the moduliat the interfaceare about40°Alowerthan in the
bulkcementpaste.

The curve for D = 0.0 coincideswith the theoreticallowerboundderivedby Hashinand
Shtrikman(18) for a material consistingof two homogeneouscomponents.The fact that
measuredmoduli typicallyfall belowthe lowerbounddemonstratesthe inabilityof a two-
componentmodelto accountfor the observedmacroscopicbulk moduli.The same conclu-
sion was reachedby Nilsen and Monteiro(19) after analyzingthe data from (l). Our inho-
mogeneous ITZ model is capable of providinga rational explanationof the fact that the
numericalvalues of the measuredbulk modulido not satisfi the two-componentHashin-
Shtrikmanbounds.
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Summary and Discussion

A conceptualmodel of concrete has been proposed in which the aggregate particles are
treated as spheres surroundedby a radially-inhomogeneouscementpaste. The two elastic
moduli in the cementpaste are each representedby a constantterm plus a term that varies
with radius accordingto a power law. The exponentin the power law can be determined
eitherusinga visually-estimated“thickness”of the interracialtramitionzone,or by fittinga
power lawto measuredporosityprofiles.The effectivebulkmodulusis then foundusingthe
exact solutionrecentlyderivedby Lutz and Zimmerman(11). The only open parameter in
the model is the local damageparameter,which representsthe extent to which the elastic
moduli at the interfaceare less than in the bulk cementpaste. By matchingthe model pre-
dictions to experimentaldata on mortar specimenscontainingvarying amounts of sand
inclusions,we were ableto estimatethe bulkmoduliat the interface.The estimateddamage
parametersfor a set of saturatedmortarsamples(12),whichwere about0.4, were consistent
with the assumptionthat the damagewas due to excessquasi-sphericalporosityin the ITZ.
This model offers an explanationof why somepreviously-measuredmodulifall outsideof
the Hashin-Shtrikmanboundsfor two-componentmaterials,and also offers a simple,non-
destructivemethodof estimatingthe localelasticpropertieswithinthe interracialtransition
zone.
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